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Abstrat: Let (f1, . . . , fs) be a polynomial family in Q[X1, . . . , Xn] (with s 6 n − 1) of
degree bounded by D. Suppose that 〈f1, . . . , fs〉 generates a radial ideal, and denes a
smooth algebrai variety V ⊂ Cn. Consider a projetion π : Cn → C. We prove that the
degree of the ritial lous of π restrited to V is bounded by Ds(D − 1)n−s( nn−s). This
result is obtained in two steps. First the ritial points of π restrited to V are haraterized
as projetions of the solutions of Lagrange's system for whih a bi-homogeneous struture
is exhibited. Seondly we prove a bi-homogeneous Bézout Theorem, whih bounds the sum
of the degrees of the equidimensional omponents of the radial of an ideal generated by a
bi-homogeneous polynomial family. This result is improved when (f1, . . . , fs) is a regular
sequene. Moreover, we use Lagrange's system to design an algorithm omputing at least
one point in eah onneted omponent of a smooth real algebrai set. This algorithm
generalizes, to the non equidimensional ase, the one of Safey El Din and Shost. The
evaluation of the output size of this algorithm gives new upper bounds on the rst Betti
number of a smooth real algebrai set. Finally, we estimate its arithmeti omplexity and
prove that in the worst ases it is polynomial in n, s, Ds(D−1)n−s( nn−s) and the omplexity
of evaluation of f1, . . . , fs.
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Théorème de Bézout bi-homogène fort et appliations en
géométrie algébrique réelle eetive
Résumé : Soit (f1, . . . , fs) une famille de polynmes dans Q[X1, . . . , Xn] (où s 6 n − 1)
de degré borné par D. On suppose que 〈f1, . . . , fs〉 engendre un idéal radial, et dénit une
variété algébrique lisse V ⊂ Cn. Considérons une projetion π : Cn → C. On prouve que
le degré du lieu ritique de π restreinte à V est borné par Ds(D − 1)n−s( nn−s). Ce résultat
est obtenu en deux temps. Tout d'abord, on aratérise les points ritiques de π restreinte
à V omme projetions des solutions du système de Lagrange pour lequel on exhibe une
struture bi-homogène. Puis, on prouve une théorème de Bézout bi-homogène, qui borne la
somme des degrés des omposantes équi-dimensionnelles du radial d'un idéal engendré par
une famille de polynmes bi-homogènes. Ce résultat est amélioré dans le as où (f1, . . . , fs)
est une suite régulière. De plus, on utilise la formulation Lagrangienne pour dérire un
algorithme alulant au moins un point par omposante onnexe d'une variété algébrique
réelle lisse. Cet algorithme généralise au as non équi-dimensionnel elui de Safey El Din
et Shost. L'estimation de la taille de la sortie de notre algorithme donne de nouvelles
(et meilleures) bornes sur le premier nombre de Betti d'une variété algébrique réelle lisse.
Finalement, on montre qu'une instane probabiliste de notre algorithme est de omplexité
polynomiale en n, s, Ds(D − 1)n−s( nn−s) et la omplexité d'évaluation de f1, . . . , fs.
Mots-lés : alul formel, résolution de systèmes polynomiaux, géométrie algébrique réelle
eetive
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1 Introdution
Consider polynomials (f1, . . . , fs) in Q[X1, . . . , Xn] (with s 6 n − 1) of degree bounded by
D. Suppose that this polynomial family generates a radial ideal and denes a smooth
algebrai variety V ⊂ Cn. The ore of this paper is to give an optimal bound on the degree
of the ritial lous of a projetion π : Cn → C restrited to V and to provide an algorithm
omputing at least one point in eah onneted omponent of the real algebrai set V ∩ Rn
whose worst ase omplexity is polynomial in this bound.
Motivation and desription of the problem. Sine omputing ritial points solves
the problem of algebrai optimization, it has many appliations in hemistry, eletronis,
nanial mathematis (see [15℄ for a non-exhaustive list of problems and appliations). More
traditionally, omputations of ritial points are used in eetive real algebrai geometry to
ompute at least one point in eah onneted omponent of a real algebrai set. Indeed, every
polynomial mapping restrited to a smooth ompat real algebrai set reahes its extrema on
eah onneted omponent. Thus, omputing the ritial lous of suh a mapping provides
at least one point in eah onneted omponent of a smooth ompat real algebrai set.
In [22, 25, 26, 9, 10℄, the authors onsider the hypersurfae dened by f21 + · · ·+ f2s = 0
to study the real algebrai set V ∩Rn. The problem is redued, via several innitesimal de-
formations, to a smooth and ompat situation. Suh tehniques yield algorithms returning
zero-dimensional algebrai sets enoded by rational parameterizations of degree O(D)n (the
best bound is obtained in [9, 10℄ and is (4D)n). Similar tehniques based on the use of a
distane funtion to a generi point and a single innitesimal deformation (see [34℄) yield
the bound (2D)n on the output.
More reently, other algorithms, avoiding the sum of squares (and the assoiated growth
of degree) have been proposed (see [2, 35, 7, 4, 5, 38, 37℄). The ompatness assumption is
dropped either by onsidering distane funtions and their ritial lous (see [2, 35, 7, 6℄) or
by ensuring properness properties of some projetion funtions (see [37℄). These algorithms
ompute the ritial loi of polynomial mappings restrited to equidimensional and smooth
algebrai varieties of dimension d, dened by polynomial systems generating radial ideals.
Indeed, under these assumptions, ritial points an be algebraially dened as points where
the jaobian matrix has rank n − d, and thus by the vanishing of some minors of the
onsidered jaobian matrix. On the one hand, some of these algorithms allow us to obtain
eient implementations (see [36℄) while the algorithms mentioned in the above paragraph
do not permit to obtain usable implementations. On the other hand, applying the lassial
Bézout bound to the polynomial systems dening the ritial lous of a projetion provides
a degree bound on the output whih is equal to Dn−d ((n− d)(D − 1))d (see [37, 7℄ where
suh a bound is expliitly mentioned). This bound is worse than the aforementioned bounds,
but it has never been reahed in the experiments we performed with our implementations.
Remark that these polynomial systems dening ritial points are not generi: they are
overdetermined, and the extrated minors from the jaobian matrix depend on f1, . . . , fs,
so that one an hope that the lassial Bézout bound is pessimisti.
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Our aim is twofold:
 providing an optimal bound (in the sense that it an be reahed) on the degree of the
ritial lous of a polynomial mapping restrited to an algebrai variety;
 and designing an algorithm omputing at least one point in eah onneted omponent
of a real algebrai set whose worst ase omplexity is polynomial in this bound.
Main ontributions. Consider a projetion π from Cn onto a line whose base-line vetor
is e ∈ Cn, and the restrition of π to the smooth algebrai variety V ⊂ Cn. Lagrange's
haraterization of ritial points of π restrited to V onsists in writing that, at a ritial
point, there exists a linear relation between the vetors (grad(f1), . . . ,grad(fs), e). The
resulting polynomial system is alled in the sequel Lagrange's system. Additional variables
are introdued and are lassially alled Lagrange multipliers. Equipped with suh a har-
aterization, ritial points an be geometrially seen as projetions of the omplex solution
set of Lagrange's system. We prove that suh a haraterization remains valid even in non
equidimensional situations, ontrary to the algebrai haraterization of ritial points used
in [2, 35, 7, 4, 5, 38, 37℄. If f1, . . . , fs is a regular sequene and if the ritial lous of π
restrited to V is zero-dimensional, then Lagrange's system is a zero-dimensional ideal, else
it is a positive dimensional ideal.
Sine Lagrange multipliers appear with degree 1 in Lagrange's system, bounding the
degree of the ritial lous of π restrited to V is equivalent to bounding the sum of the
degrees of the isolated primary omponents of the ideal generated by Lagrange's system.
Lagrange's system an be easily transformed into a bi-homogeneous polynomial system by
a bi-homogenization proess whih distinguish the variables X1, . . . , Xn from the Lagrange
multipliers. Thus, bounding the degree of a ritial lous is redued to proving a strong bi-
homogeneous Bézout Theorem, i.e. to proving a bound on the sum of the degrees of all the
isolated primary omponents dening a non-empty bi-projetive variety of an ideal generated
by a bi-homogeneous system. In the sequel, this sum is alled the strong bi-degree of a bi-
homogeneous ideal. Suh a result is obtained by using a onvenient notion of bi-degree,
whih is given originally in [41℄. In [41℄, a multi-homogeneous Bézout theorem is proved and
provides a bound on the sum of the degrees of the isolated primary omponents of maximal
dimension, whih is not suient to reah our goal.
We generalize this result by proving that the same quantity bounds the sum of the degrees
of all the isolated primary omponents dening a bi-projetive variety of an ideal dened
by a bi-homogeneous polynomial system (see Theorem 1). Additionally, we prove that the
strong bi-degree of an ideal generated by a bi-homogeneous polynomial system equals the
strong degree of this ideal augmented with two generi homogeneous ane linear forms lying
respetively in eah blok of variables (see Theorem 2).
This allows us to prove that the ritial lous of a projetion π : Cn → C restrited to V
has degree Ds(D− 1)n−s( nn−s). This bound beomes Ds(D− 1)n−s(n−1n−s) when (f1, . . . , fs)
is a regular sequene (see Theorem 3). Some omputer simulations show it is a sharp
estimation, sine the bound is reahed on several examples.
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Next, we use the aforementioned properties of Lagrange's systems to generalize, to non
equidimensional situations, the algorithm due to Safey El Din and Shost (see [37℄) whih
omputes at least one point in eah onneted omponent of a smooth and equidimensional
real algebrai set (see Theorem 5). Then, the estimation of the output size of this generalized
algorithm provides some improved upper bounds on the rst Betti number of a smooth real
algebrai set (see Theorem 6).
The omplexity of our algorithm depends on the omplexity of the routine used to per-
form algebrai elimination. We onsider the elimination subroutine of [28℄ whih inherits
of [17, 18, 19, 20℄. The proedure of [28℄ omnputes generi bers of eah equidimensional
omponents of an algebrai variety dened by a polynomial system provided as input. It is
polynomial in the evaluation omplexity of the input system, and in an intrinsi geometri
degree. This allows us to prove that the worst ase omplexity of our algorithm is poly-
nomial in n, s, the evaluation omplexity L of (f1, . . . , fs) and the bi-homogeneous Bézout
bound Ds(D − 1)n−s( nn−s) (see Theorem 8).
Organization of the paper. The paper is organized as follows. In Setion 2, we prove the
strong bi-homogeneous Bézout Theorem. Additionally, we prove that the strong bi-degree of
an ideal equals the strong degree of the same ideal augmented with two generi ane linear
forms lying in eah blok of variables. In Setion 3, we fous on the properties of Lagrange's
system and use our Bézout Theorem to prove some bounds on the degree of ritial loi
of projetions on a line. In Setion 4, we generalize the algorithm provided in [37℄ to the
non equidimensional ase. Moreover, using the results of the preeding setions, we provide
some improved upper bounds on the rst Betti number of a smooth real algebrai set. The
last setion is devoted to the omplexity estimation of our algorithm.
Aknowledgments. We thank D. Lazard, J. Heintz and the anonymous referees for their
helpful remarks whih have allowed us to improve and orret some mistakes in the prelim-
inary version of this paper.
2 Strong Bi-homogeneous Bézout theorem
This setion is devoted to the proof of the strong bi-homogeneous Bézout Theorem. This
one generalizes the statements of [40, 41, 31, 32, 24℄.
In the rst paragraph, we provide some useful properties of bi-homogeneous ideals whih
allow to dene the notions of bi-degree and strong bi-degree of a bi-homogeneous ideal,
these notion seems to go bak to [40℄. In the seond paragraph, we relate this bi-degree with
some properties of the Hilbert bi-series of a bi-homogeneous ideal in the ase when it denes
a zero-dimensional bi-projetive variety. Suh properties are already given in [40℄. In the
third paragraph, we provide a anonial form of Hilbert bi-series. Our statements generalize
slightly those of [31, 32℄ and allow us to relate the Hilbert bi-series of a bi-homogeneous ideal
and the Hilbert series of this ideal, seen as a homogeneous one. In the third paragraph, we
investigate how the bi-degree of a bi-homogeneous ideal augmented with a bi-homogeneous
RR n° 0123456789
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polynomial is related to the bi-degree of the rst onsidered ideal. Finally, we prove that,
under some assumptions, the lassial bi-homogeneous Bézout bound is greater than or equal
to the sum of the bi-degrees of the prime ideals assoiated to the studied bi-homogeneous
ideal. This generalizes the results of [40, 31, 32, 24℄. Additionally, we prove that this quantity
is greater than or equal to the sum of the degrees of the primary ideals assoiated to the
studied bi-homogeneous ideal augmented with two ane linear forms whih generalizes the
results of [41, 32℄. For ompleteness and readibility, we give full proofs of the required
intermediate results.
We denote by R the polynomial ring Q[X0, . . . , Xn, ℓ0, . . . , ℓk].
2.1 Preliminaries and main results
In this paragraph, we introdue some basis on bi-homogeneous ideals. We prove that given a
bi-homogeneous ideal I ⊂ R, there exists a minimal primary bi-homogeneous deomposition
of I, i.e. a primary deomposition suh that eah primary omponent is a bi-homogeneous
ideal. We dene a notion of bi-degree and strong bi-degree of bi-homogeneous ideals. Finally,
we state the main results (see Theorems 1 and 2 below) of the setion whih bound the strong
bi-degree of a bi-homogeneous ideal I by the lassial bi-homogeneous Bézout bound on the
one hand, and show that the strong bi-degree of I bounds the degree of I + 〈u − 1, v − 1〉
(where u and v are homogeneous linear forms respetively hosen in Q[X0, . . . , Xn] and
Q[ℓ0, . . . , ℓk]).
Denition 1 A linear form in R is a polynomial of degree 1 whose support ontains only
monomials of degree at most 1. A homogeneous linear form is a linear form whose support
ontains only monomials of degree 1.
A polynomial f in R is said to be bi-homogeneous if and only if there exists a unique
ouple of integers (α, β) suh that for all (u, v) ∈ Q×Q:
f(uX0, . . . , uXn, vℓ0, . . . , vℓk) = u
αvβf(X0, . . . , Xn, ℓ0, . . . , ℓn).
The ouple (α, β) is alled the bi-degree of f .
Given a polynomial f ∈ R, the bi-homogeneous omponent of bi-degree (α, β) of f , de-
noted by fα,β, is the unique bi-homogeneous polynomial suh that the support of f − fα,β
does not ontain any monomial of bi-degree (α, β).
An ideal I ⊂ R is said to be a bi-homogeneous ideal if and only if for all f ∈ I, and for
all bi-degree (α, β), fα,β ∈ I.
Lemma 1 Let I ⊂ R be a bi-homogeneous ideal. Then, there exists a nite polynomial
family f1, . . . , fs generating I suh that eah fi (for i = 1, . . . , s) is a bi-homogeneous poly-
nomial.
Proof. Consider a nite set of generators F of I (there exists one sine R is Noetherian).
Sine I is a bi-homogeneous ideal, the nite set F˜ of the bi-homogeneous omponents of all
the polynomials in F generates an ideal J whih is ontained in I.
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Consider now f ∈ I. Sine I is generated by F and sine eah polynomial of F is a linear
ombination of some polynomials in F˜ , I is ontained in J .

Lemma 2 Let Q1, . . . , Qp be a family of bi-homogeneous ideals in R. Then Q1 ∩ · · · ∩ Qp
is a bi-homogeneous ideal.
Proof. Denote by I the ideal Q1 ∩ · · · ∩ Qp and onsider f ∈ I. For all i ∈ {1, . . . , p},
f ∈ Qi and Qi is, by assumption, bi-homogeneous. Then, for all i ∈ {1, . . . , p}, eah
bi-homogeneous omponent of f belongs to Qi, whih implies that eah bi-homogeneous
omponent belongs to I.

Given a bi-homogeneous ideal I ⊂ R, we now prove that there exists a primary deom-
position of I for whih eah primary omponent is bi-homogeneous.
Proposition 1 Let I be a bi-homogeneous ideal, and Q1 ∩ · · · ∩ Qp be a minimal primary
deomposition of I. Then there exist primary bi-homogeneous ideals Q′1, . . . , Q
′
p suh that
I = Q′1 ∩ · · · ∩Q′p.
Proof. For i = 1, . . . , p, onsider Qi, a primary ideal of the above minimal primary
deomposition of I and let Q′i be the ideal generated by the bi-homogeneous polynomials
of Qi. First, remark that Q
′
i is non empty sine it ontains I. We prove now that Q
′
i (for
i = 1, . . . , p) is a primary ideal and then that I = Q′1 ∩ · · · ∩Q′p.
Let f and g be two polynomials suh that fg ∈ Q′i and g /∈ Q′i. We show below that this
implies there exists an integer N suh that fN ∈ Q′i whih, in turn, implies Q′i is a primary
ideal. The proof is done by indution on the number h of bi-homogeneous omponents of f .
If h = 1, f is bi-homogeneous, and the result is obvious. Suppose now that for any
polynomial f˜ having h bi-homogeneous omponents, f˜g ∈ Q′i with g /∈ Q′i implies there
exists an integer N suh that f˜N ∈ Q′i.
Consider f having h+ 1 bi-homogeneous omponents and suh that there exists g /∈ Q′i
with fg ∈ Q′i. Sine Q′i is bi-homogeneous, eah bi-homogeneous omponent of fg belongs
to Q′i. Remark that there exists one bi-homogeneous omponent of the produt fg of
maximal degree whih an be written as a produt fα,β.gα′,β′ where fα,β (resp. gα′,β′) is
a bi-homogeneous omponent of bi-degree (α, β) (resp. (α′, β′)) of f (resp. g). Moreover,
without loss of generality one an suppose gα′,β′ /∈ Qi: if it is not the ase, it is suient to
substitute g by g − gα′,β′ .
Sine Qi is a primary ideal, there exists M ∈ N, suh that fMα,β ∈ Qi. Moreover, sine
fα,β is bi-homogeneous, f
M
α,β is bi-homogeneous. Thus, sine Q
′
i is generated by the bi-
homogeneous polynomials of Qi, this implies f
M
α,β ∈ Q′i.
Sine fg ∈ Q′i, fMg ∈ Q′i. Moreover fMg = (f − fα,β)Mg + fMα,βg while fMα,β ∈ Q′i.
This implies (f − fα,β)Mg ∈ Q′i. Suppose now that M is the smallest integer suh that
(f − fα,β)Mg ∈ Q′i and remark that this implies (f − fα,β)M−1g /∈ Q′i. Thus, the above
reasoning an be done using (f − fα,β) (whih has h bi-homogeneous omponent) instead of
RR n° 0123456789
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f and g˜ = (f − fα,β)M−1g /∈ Q′i instead of g. From the indution hypothesis, this implies
there exists an integer M ′ suh that (f − fα,β)M ′ ∈ Q′i, while the integer M is suh that
fMα,β ∈ Q′i. Thus, onsidering the binomial development of (f−fα,β+fα,β)N where N > 2M
shows that fN ∈ Q′i.
It remains to prove that I = Q′1 ∩ · · · ∩ Q′m. To this end, remark that for all i, I ⊂ Qi
and as I is bi-homogeneous, I ⊂ Q′i while Q′i ⊂ Qi. Thus one has I ⊂ Q′1 ∩ · · · ∩ Q′m ⊂
Q1 ∩ · · · ∩Qm = I whih ends the proof.

From now on, given a bi-homogeneous ideal I, we only onsider bi-homogeneous primary
deompositions of I, i.e. deompositions of I suh that eah primary omponent is bi-homo-
geneous. Remark that from suh a bi-homogeneous primary deomposition, one an extrat
a minimal primary deomposition. From the uniqueness of the isolated primary omponents
of a minimal primary deomposition (see [12℄), one dedues the uniqueness of the isolated
primary omponents of a bi-homogeneous minimal primary deomposition of I. This leads
to the following result.
Corollary 1 Let I be a bi-homogeneous ideal of R. There exists a minimal primary de-
omposition of I suh that eah primary omponent is a bi-homogeneous ideal. The set of
isolated bi-homogeneous omponents is unique.
Note that primary ideals of R whih ontain a power of 〈X0, . . . , Xn〉 or a power of
〈ℓ0, . . . , ℓk〉 dene an empty bi-projetive variety in Pn(C)× Pk(C).
Denition 2 A primary bi-homogeneous ideal is said to be admissible if and only if it
ontains neither a power of 〈X0, . . . , Xn〉 nor a power of 〈ℓ0, . . . , ℓk〉.
A primary omponent of a bi-homogeneous ideal is said to be admissible if it is an ad-
missible ideal.
The set of admissible isolated bi-homogeneous omponents of a minimal bi-homogeneous
primary deomposition of an ideal I ⊂ R is denoted by Adm(I).
Let I ⊂ R be a bi-homogeneous ideal, and (d, e) be a ouple in N× N. The ouple (d, e)
is an admissible bi-dimension of I if and only if d 6 n, e 6 k and d + e + 2 equals the
maximum of the Krull dimensions of the ideals in Adm(I).
Remark 1 Consider a bi-homogeneous ideal I ⊂ R and let J = ∩Q∈Adm(I)Q. From
Lemma 2, J is a bi-homogeneous ideal.
A bi-homogeneous ideal I in R denes a non-empty bi-projetive variety V in Pn(C) ×
Pk(C) if and only if Adm(I) is not empty. Note also that the maximal dimension of the
admissible primary omponents of I an be less than the Krull dimension of I.
In the homogeneous ontext, the degree of an ideal of Krull dimension D dening a non-
empty projetive variety is obtained as the degree of this ideal augmented with D generi
linear forms (see [11℄). Below, we provide a similar proess to dene a notion of bi-degree
of a bi-homogeneous ideal.
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In the sequel, a homogeneous linear form u =
∑n
i=0 uiXi ∈ Q[X0, . . . , Xn] (resp. v =∑k
j=0 vjℓj ∈ Q[ℓ0, . . . , ℓk]) is identied to the point (u0, . . . , un) ∈ Qn+1 (resp. (v0, . . . , vk) ∈
Qk+1).
Proposition 2 Let I ⊂ R be an ideal of dimension D > 2 and (d, e) ∈ N × N suh that
d+ e + 2 = D.
 Either for any hoie of homogeneous linear forms (u1, . . . , ud+1) in Q[X0,
. . . , Xn] and (v1, . . . , ve+1) in Q[ℓ0, . . . , ℓk] the ideal
I + 〈(u1 − 1), u2, . . . , ud+1, (v1 − 1), v2, . . . , ve+1〉
equals Q[X0, . . . , Xn, ℓ0, . . . , ℓk];
 or there exist an integer D ∈ N and a Zariski losed subset H ( (Cn+1)d+1 ×
(Ck+1)e+1 suh that for any hoie of homogeneous linear forms (u1, . . . , ud+1, v1, . . . ,
ve+1) outside H (where for i ∈ {1, . . . , d + 1}, ui ∈ Q[X0, . . . , Xn] and for j ∈
{1, . . . , e+ 1}, vj ∈ Q[ℓ0, . . . , ℓk]) the ideal
I + 〈(u1 − 1), u2, . . . , ud+1, (v1 − 1), v2, . . . , ve+1〉
is zero-dimensional and its degree is D.
Proof. For i ∈ {1, . . . , d + 1}, p ∈ {0, . . . , n}, j ∈ {1, . . . , e + 1}, and q ∈ {0, . . . , k},
let ui,p, and vj,q be new indeterminates. Denote by U (resp. V) the set of indeterminates
{u1,0, . . . , ud+1,n} (resp. {v1,0, . . . , ve+1,k}).
Let K be the eld of rational frations Q(U,V); for i ∈ {1, . . . , d+1}, let K¯i be the eld
of rational frations Q(U \ {ui,0, . . . , ui,n},V) and for j ∈ {1, . . . , e + 1}, let Kj be the eld
of rational frations Q(U,V \ {vj,0, . . . , vj,k}).
Consider for 2 6 i 6 d+1 (resp. 2 6 j 6 e+1) the linear forms ui =
∑n
p=0 ui,pXp (resp.
vj =
∑k
q=0 vj,qℓq) and u1 =
∑k
p=0 u1,pXp − 1 (resp. v1 =
∑k
q=0 v1,qℓq − 1).
For i ∈ {1, . . . , d + 1} (resp. j ∈ {1, . . . , e + 1})and u = (u0, . . . , un) (resp. v =
(v0, . . . , vk)) a point in Q
n+1
(resp. Qk+1), denote by ϕi,u (resp. ψj,v) the ring ho-
momorphism ϕi,u : K[X0, . . . , Xn, ℓ0, . . . , ℓk] → K¯i[X0, . . . , Xn, ℓ0, . . . , ℓk] (resp. ψj,v :
K[X0, . . . , Xn, ℓ0, . . . , ℓk]→ Kj [X0, . . . , Xn, ℓ0, . . . , ℓk]) suh that:
 for all p ∈ {0, . . . , n} (resp. q ∈ {0, . . . , k}),ϕi,u(ui,p) = up (resp. ψj,v(vj,q) = vq),
 for all p ∈ {0, . . . , n} (resp. q ∈ {0, . . . , k}), and r ∈ {1, . . . , d + 1} \ {i} (resp.
s ∈ {1, . . . , e+ 1} \ {j}), ϕi,u(ur,p) = ur,p (resp. ψj,v(vs,q) = vs,q),
 ϕi,u(Xp) = Xp (resp. ψj,v(Xp) = Xp) and ϕi,u(ℓq) = ℓq (resp. ψj,v(ℓq) = ℓq).
Finally, given a ouple of points u = (u1,0, . . . , u1,n, . . . , ud+1,0, . . . , ud+1,n) (resp. v =
(v1,0, . . . , v1,k, . . . , ve+1,0, . . . , ve+1,k)) in (Q
n+1)d+1 (resp. (Qk+1)e+1), denote by ϑ(u,v) the
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ring homomorphism ϑ(u,v) : K[X0, . . . , Xn, ℓ0, . . . , ℓk]→ Q[X0, . . . , Xn, ℓ0, . . . , ℓk] suh that
for all p = 0, . . . , n and q = 0, . . . , k), ϑu,v(ui,p) = ui,p, ϑu,v(vj,q) = vj,q, ϑu,v(Xp) = Xp and
ϑu,v(ℓq) = ℓq.
In the sequel, J0 = I, for i ∈ {1, . . . , d + 1}, Ji is the ideal I + 〈u1, . . . , ui〉, and for
i ∈ {d+ 2, . . . , D}, Ji is the ideal I + 〈u1, . . . , ud+1, v1, . . . , vi−(d+1)〉.
We rst prove that the ideal JD is either zero-dimensional in K[X0, . . . , Xn,
ℓ0, . . . , ℓk] or equals K[X0, . . . , Xn, ℓ0, . . . , ℓk]. The proof is done by proving that, for
i = 1, . . . , D, dim(Ji) < dim(Ji−1).
Consider the ase i = 1 and suppose that dim(J1) > dim(J0) > 0. This implies that
there exists an isolated primary omponent Q0 of J0 of dimension dim(J0) > 0 and an
integer N suh that uN1 ∈ Q0.
Sine J0 is generated by a polynomial family whih does not involve the indeterminates
u1,0, . . . , u1,n, for any isolated primary omponent Q of J0, Q is generated by a polynomial
family whih does not involve the indeterminates u1,0, . . . , u1,n. Thus, for any u ∈ Qn+1,
ϕ1,u(Q0) = Q0 ∩ K¯1. Then, there exists a Zariski-losed subset Z ⊂ Cn+1 suh that for any
point u in Qn+1 \ Z, ϕ1,u(u1)N belongs to Q0. Choose now n + 2 points u1, . . . , un+2 in
Qn+2 suh that 〈ϕ1,u1 (uN1 ), . . . , ϕ1,un+2(uN1 )〉 = 〈1〉.
Sine 〈ϕ1,u1(uN1 ), . . . , ϕ1,un+2(uN1 )〉 ⊂ Q0, Q0 = K[X0, . . . , Xn, ℓ0, . . . , ℓk] whih ontra-
dits dim(Q0) = D > 0. Thus, dim(J1) < dim(J0).
Consider now the ase where 2 6 i 6 d+ 1 and suppose that dim(Ji) > dim(Ji−1) > 0.
This implies that there exists an isolated primary omponentQ0 of Ji−1 of positive dimension
and an integer N suh that uNi ∈ Q0.
Sine Ji−1 is generated by a polynomial family whih does not involve the indeterminates
ui,0, . . . , ui,n, Q0 is generated by a polynomial family whih does not involve the indeter-
minates ui,0, . . . , ui,n and thus for any u ∈ Qn+1, ϕi,u(Q0) = Q0 ∩ K¯i. Then, for any
point u in Qn+1, ϕi,u(ui)
N
belongs to Q0. Choosing n + 2 points u1, . . . , un+2 in Qn+2
suh that 〈ϕi,u1 (uNi ), . . . , ϕi,un+2(uNi )〉 = 〈XN0 , . . . , XNn 〉 ⊂ Q. Sine u1 ∈ Ji−1 ⊂ Q0 and
〈u1〉 + 〈XN0 , . . . , XNn 〉 = 〈1〉 this implies that Q0 = K[X0, . . . , Xn, ℓ0, . . . , ℓk] whih ontra-
dits the fat that Q0 has positive dimension. Thus, dim(Ji) < dim(Ji−1).
Proving that dim(Jd+2) < dim(Jd+1) is done by the same way as proving that dim(J1) <
dim(J0) using the homomorphism ψd+2,v instead of ϕ1,u (for u ∈ Qn+1 and v ∈ Qk+1).
Proving for i > d + 2 that dim(Ji) < dim(Ji−1) is done following the same arguments as
those of the above paragraph (using the homomorphisms ψi,v for v ∈ Qk+1).
Thus, if JD 6= K[X0, . . . , Xn, ℓ0, . . . , ℓk], one has dim(JD) < dim(JD−1) < · · · < dim(Ji) <
dim(Ji−1) < · · · < dim(I) whih implies J is be zero-dimensional.
If JD = K[X0, . . . , Xn, ℓ0, . . . , ℓk], for any (u, v) ∈ (Qn+1)d+1 × (Qk+1)e+1, ϑu,v(JD)
equals Q[X0, . . . , Xn].
Suppose now JD to be zero-dimensional and onsider a Gröbner basis G of JD. Let
H ⊂ (Cn+1)d+1 × (Ck+1)e+1 be the Zariki-losed set whih is the union of zero-sets of the
ommon denominator of eah polynomial of G. Thus, for any point (u, v) ∈ (Qn+1)d+1 ×
(Qk+1)e+1 \ H, ϑu,v(G) is a Gröbner basis of ϑu,v(JD) (see [16℄). Then, ϑu,v(JD) is zero-
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dimensional and its degree is the one of JD.

Remark 2 From the proof of the above Proposition, one dedues also the following:
 Let I ⊂ R be a bi-homogeneous ideal whih is an intersetion of admissible primary
ideals. Then, there exists a Zariski-losed subset H ( Cn+1 × Ck+1 suh that for all
(u1, v1) ∈ Cn+1 ×Ck+1 \H, u1 − 1 and v1 − 1 do not divide 0 in R/I and v1 − 1 does
not divide 0 in R/I + 〈u1 − 1〉.
Moreover if I is equidimensional, I + 〈u1 − 1, v1 − 1〉 is equidimensional.
 Let I ⊂ R be an equidimensional bi-homogeneous ideal whih is an intersetion of
admissible primary ideals and J = I + 〈u1 − 1, v1 − 1〉. If J 6= R, there exists (d, e) ∈
N×N suh that d+ e = dim(J) and a Zariski-losed subset H ( (Cn+1)d × (Ck+1)e+1
suh that for any hoie of homogeneous linear forms (u2, . . . , ud+1, v2, . . . , ve+1) ∈
Q[X0, . . . , Xn] × Q[ℓ0, . . . , ℓk] \ H, u2 does not divide 0 in R/J , ui does not divide
0 in R/J + 〈u2, . . . , ui−1〉 (for i = 3, . . . , d + 1), v2 does not divide zero in R/J +
〈u2, . . . , ud+1〉 and vj does not divide 0 in R/J + 〈u2, . . . , ud+1, v1, . . . , vj−1〉 (for j ∈
{3, . . . , e+ 1}).
In the sequel, we shall say that a property P is true for a generi hoie of linear forms,
if there exists a Zariski-losed subset in the set of the onsidered linear forms suh that for
any hoie of forms outside this Zariski-losed subset, the property P is satised.
Proposition 2 and the uniqueness of Adm(I) allows us to dene the following notion of
bi-degree of a bi-homogeneous ideal I ⊂ R.
Denition 3 Let I ⊂ R be a bi-homogeneous ideal of dimension D. For (d, e) ∈ N×N suh
that d+e+2 = D, onsider the linear forms u1, . . . , ud+1 (resp. v1, . . . , ve+1) whih are ho-
sen generially in Q[X0, . . . , Xn] (resp. Q[ℓ0,
. . . , ℓk]). Cd,e(I) denotes the degree of I + 〈u1, . . . , ud+1 − 1, v1, . . . , ve+1 − 1〉.
If I is primary, the bi-degree of I is the sum
∑
d+e+2=D Cd,e(I).
If I is not primary, the bi-degree of I is the sum of the bi-degrees of the ideals of Adm(I)
having maximal Krull dimension.
If I is not primary, the strong bi-degree of I is the sum of the bi-degrees of the ideals of
Adm(I) (whih are isolated by denition of Adm(I).
Remark 3 Let I ⊂ R be a bi-homogeneous ideal and J = ∩Q∈Adm(I)Q whih is bi-homogeneous
from Lemma 2. Note that, by denition, the bi-degree (resp. the strong bi-degree) of I equals
the bi-degree (resp. strong bi-degree) of J .
We are now ready to state the main results of this setion. The rst one bounds the
strong bi-degree of a bi-homogeneous ideal I ⊂ R under some assumptions. This generalizes
the statements of [40, 39, 24℄ whih only onsider with the admissible primary omponents
of Adm(I) having maximal dimension.
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Theorem 1 Let s ∈ {1, . . . , n + k} and f1, . . . , fs be bi-homogeneous polynomials in R of
respetive bi-degree (αi, βi) generating a bi-homogeneous ideal I. Suppose that there ex-
ist at most n fi suh that βi = 0 and at most k fi suh that αi = 0, then the sum of
the bi-degrees of the bi-homogeneous assoiated primes of I is bounded by B(f1, . . . , fs) =∑
I,J
(Πi∈Iαi) . (Πj∈J βj) where I and J are disjoint subsets for whih the union is {1, . . . , s}
suh that the ardinality of I (resp. J ) is bounded by n (resp. k).
The following result generalizes the one of [41℄ and states that given an ideal I ⊂
Q[X1, . . . , Xn, ℓ1, . . . , ℓk] its strong degree (in the meaning of [23℄) is bounded by the strong
bi-degree of a bi-homogeneous ideal onstruted from a bi-homogeneization proess applied
to eah polynomial in I.
Theorem 2 Consider the mapping :
φ : Q[X1, . . . , Xn, ℓ1, . . . , ℓk] → Q[X0, X1, . . . , Xn, ℓ0, ℓ1, . . . , ℓk]
f 7→ XdegX (f)0 ℓdegℓ(f)0 f(X1X0 , . . . ,
Xn
X0
, ℓ1ℓ0 , . . . ,
ℓk
ℓ0
)
where degX(f) (resp. degℓ(f)) denotes the degree of f seen as a polynomial in Q(ℓ1, . . . , ℓk)[X1, . . . , Xn]
(resp. Q(X1, . . . , Xn)[ℓ1, . . . , ℓk]).
Given an ideal I ⊂ Q[X1, . . . , Xn, ℓ1, . . . , ℓk], denote by φ(I) the ideal {φ(f) | f ∈ I} ⊂
Q[X0, . . . , Xn, ℓ0, . . . , ℓk].
Then, φ(I) is a bi-homogeneous ideal and the sum of the degrees of the isolated primary
omponents of I is bounded by the strong bi-degree of φ(I).
The proof of these results rely on the study of Hilbert bi-series of bi-homogeneous ideals
whih are introdued in [40℄.
2.2 Hilbert bi-series: basi properties
We follow here [40℄ whih introdue Hilbert bi-series of bi-homogeneous ideals and study
their properties when the onsidered bi-homogeneous ideal has bi-dimension (0, 0).
Notation. Given a ouple (i, j) ∈ N × N, we denote by Ri,j the Q-vetor spae of the
bi-homogeneous polynomials in R of degree i in the set of variables X0, . . . , Xn and j in the
set of variables ℓ0, . . . , ℓk.
Given a bi-homogeneous ideal I ⊂ R and a ouple (i, j) ∈ N × N, we denote by Ii,j the
intersetion of I with Ri,j .
Given a ouple (i, j) ∈ N × N, we denote by R6i,6j the Q-vetor spae of polynomials
in R of degree less than or equal to i (resp. j) in the set of variables X0, . . . , Xn (resp.
ℓ0, . . . , ℓk).
Given an ideal I ⊂ R and a ouple (i, j) ∈ N × N, we denote by I6i,6j the intersetion
of I with R6i,6j .
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Denition 4 The Hilbert bi-series of a bi-homogeneous ideal I ⊂ R is the series∑i,j dim (Ri,j/Ii,j) ti1tj2.
The ane Hilbert bi-series of an ideal I ⊂ R is ∑i,j dim (R6i,6j/I6i,6j) ti1tj2.
Consider a bi-homogeneous ideal I ⊂ R of Krull dimension 2. This setion is devoted to
prove that, there exists (i0, j0) ∈ N×N suh that for all i > i0 and j > j0, dim(Ri,j/Ii,j) =
dim(Ri0,j0/Ii0,j0). Suh a result already appears in [40℄.
Denote by R′ the polynomial ring Q[X1, . . . , Xn, ℓ1, . . . , ℓk]. Consider the appliation
φi,j : R
′
6i,6j → Ri,j sending a polynomial f ∈ R′6i,6j of degree α (resp. β) in the variables
X1, . . . , Xn (resp. ℓ1, . . . , ℓk) to the polynomial φi,j(f) = X
i
0ℓ
j
0f(
X1
X0
, . . . , XnX0 ,
ℓ1
ℓ0
, . . . , ℓkℓ0 ).
Given an ideal I ⊂ R′ and (i, j) ∈ N× N, φi,j(I) denotes the set {φi,j(f) | f ∈ I6i,6j}.
Additionally, onsider the mapping ψi,j : Ri,j → R′6i,6j (whih takes plae of a de-
homogenization proess in a homogeneous ontext) sending a bi-homogeneous polynomial
f ∈ Ri,j to
ψi,j(f) = f(1, X1, . . . , Xn, 1, ℓ1, . . . , ℓk) ∈ R′.
Given a bi-homogeneous ideal I ⊂ R and (i, j) ∈ N×N, ψi,j(I) denotes the set {ψi,j(f) |
f ∈ Ii,j}.
Lemma 3 Consider two integers i and j, an ideal I ′ of R′ and φi,j the above appliation
from R′6i,6j to Ri,j . Then
dim(R′6i,6j/I
′
6i,6j) = dim(Ri,j/φi,j(I
′
6i,6j)).
Proof. Remark that Ri,j , R
′
6i,6j , and I
′
6i,6j and φi,j(I
′
6i,6j) are nite dimensional
Q-vetor spaes.
Moreover, for all f ∈ R′6i,6j and (i, j) ∈ N × N, ψi,j(φi,j(f)) = f . Then, ψi,j(Ri,j) =
R′6i,6j and ψi,j(φi,j(I
′
6i,6j)) = I
′
6i,6j . Hene as ψi,j is an injetive morphism, Ri,j and
R′6i,6j on the one hand, and I
′
6i,6j and φi,j(I
′
6i,6j) on the other hand, are isomorphi nite
dimensional Q-vetor spaes.
Sine for vetor spaes E,F with F ⊂ E, dim(E) = dim(F ) + dim(E/F ), we are done.

The following lemma is used further.
Lemma 4 Let I ⊂ R be a bi-homogeneous ideal suh that X0 (resp. ℓ0) is not a zero divisor
in R/I. Denote by I ′ the ideal I + 〈X0 − 1, ℓ0 − 1〉 ∩R′. Then φi,j(I ′6i,6j) = Ii,j .
Proof. Consider a bi-homogeneous polynomial p ∈ Ii,j . Obviously, ψi,j(p) ∈ I ′6i,6j .
Sine the bi-degree of p is, by denition, the ouple (i, j), φi,j(ψi,j(p)) = p, this implies
p ∈ φi,j(I ′6i,6j). Thus, Ii,j ⊂ φi,j(I ′6i,6j); we prove now that φi,j(I ′6i,6j) ⊂ Ii,j .
From Lemma 1, sine I is bi-homogeneous, there exists a nite family of bi-homogeneous
polynomials p1, . . . , pm generating I. Consider p
′ ∈ I ′6i,6j . Then, there exist polynomials
qr (for r ∈ {1, . . . ,m}), P and Q in R, suh that p′ =
∑m
r=1 qr.pr +Q(X0 − 1) + P (ℓ0 − 1).
Denote by p the polynomial
∑m
r=1 qrpr and remark that p ∈ I. Sine I is bi-homogeneous,
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all the bi-homogeneous omponents of p belong to I, and one just has to onsider the ase
where p′ is suh that p is bi-homogenous.
Under this assumption, it is easy to see that φi,j(p
′) belongs to Ri,j and that there
exists a ouple (α, β) ∈ Z × Z suh that φi,j(p′) = Xα0 .ℓβ0 .p. If both α, β are positive, then
φi,j(p
′) ∈ Ii,j . If α < 0 and β > 0, then X−α0 φi,j(p′) = ℓβ0p ∈ I. Suppose φi,j(p′) /∈ I.
This would imply that X0 is a zero-divisor in R/I, whih is not possible by assumption.
Moreover, sine φi,j(p
′) has bi-degree (i, j), φi,j(p′) belongs to Ii,j . Similar arguments allow
us to onlude when α > 0 and β < 0 and when both α and β are negative.

Given a polynomial f ∈ Q[X0, . . . , Xn, ℓ0, . . . , ℓk], and A ∈ GLn+k+2(Q), we denote by
fA the polynomial obtained by performing the hange of variables indued by A on f . We
denote by IA the ideal generated by fA1 , . . . , f
A
s . In the sequel, we onsider exlusively
matries A suh that the ation of A on R is a bi-graded isomorphism of bi-degree (0, 0)
on R with respet to the variables X0, . . . , Xn and ℓ0, . . . , ℓk, i.e. for all homogeneous linear
forms u ∈ Q[X0, . . . , Xn] (resp. v ∈ Q[ℓ0, . . . , ℓk]), uA (resp. vA) is a homogeneous linear
form in Q[X0, . . . , Xn] (resp. Q[ℓ0, . . . , ℓk]).
Lemma 5 Let I ⊂ R be a bi-homogeneous ideal, then I and IA have the same Hilbert
bi-series.
Proof. The ation of A on R is an isomorphism of bi-graded ring of bi-degree (0, 0),
the inverse ation of A is the ation of A−1. Thus, Ri,j equals RAi,j and, if E ⊂ R is a
Q-vetor spae, dim(E) = dim(EA). Sine for vetor spaes E,F with F ⊂ E, dim(E) =
dim(F ) + dim(E/F ), we have dim(Ri,j/Ii,j) = dim(R
A
i,j/I
A
i,j) whih implies the equality of
the Hilbert bi-series of I and IA.

Lemma 6 Let I ⊂ R be a bi-homogeneous ideal whih is an intersetion of admissible ideals.
Then, for a generi hoie of homogeneous linear form u1 (resp. v1) in Q[X0, . . . , Xn] (resp.
Q[ℓ0, . . . , ℓk]) the ane Hilbert bi-series of I + 〈u1− 1, v1− 1〉 equals the Hilbert bi-series of
I.
Proof. From Remark 2, sine is u1 and v1 are hosen generially they do not divide 0 is
R/I. Choose A ∈ GLn+k+2(Q) suh that the ation of A on R is a bi-graded isomorphism
of bi-degree (0, 0) and suh that uA1 = X0 and v
A
1 = ℓ0. Using Lemma 5, the Hilbert series
of I equals the one of IA. From Lemma 3 and Lemma 4, the ane Hilbert bi-series of
IA + 〈X0 − 1, ℓ0 − 1〉 ∩Q[X1, . . . , Xn, ℓ1, . . . , ℓk] equals the bi-series of IA whih equals the
one of I.
We prove now ψ′i,j : R
A
6i,6j → R′A6i,6j sending f ∈ RA6i,6j to f(1, X1, . . . , Xn,
1, ℓ1, . . . , ℓk) indues an isomorphism between R
′A
6i,6j/I
′A
6i,6j and R
A
6i,6j/(I
A
+ 〈X0− 1, ℓ0− 1〉6i,6j) whih is immediate using the isomorphism between R′A6i,6j/I ′A6i,6j
and RAi,j/I
A
i,j .

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The following result is used in the proof of Theorem 2.
Proposition 3 Let I be a bi-homogeneous ideal of R. Then, the Hilbert series of I equals
the series obtained by putting t1 = t2 in the Hilbert bi-series of I.
Proof. For all d ∈ N, denote by Rd the Q-vetor spae of the homogeneous polynomials
of R of total degree d. For any ouple (i, j) ∈ N × N, denote by Ri,j the Q-vetor spae
of bi-homogeneous polynomials of bi-degree (i, j). By denition of a bi-homogeneous ideal,
if f is a polynomial of I, then the bi-homogeneous omponents of f also belong to I.
Hene the morphism from Id to Πi+j=dIi,j sending a polynomial onto its bi-homogeneous
omponents is dened for any f of I and is invertible, i.e. is an isomorphism of Q-vetor
spaes. This proves that dim(Id) =
∑
i+j=d dim(Ii,j). With the same arguments, we show
that dim(Rd) =
∑
i+j=d dim(Ri,j). Consequently
dim(Rd/Id) = dim(Rd)− dim(Id) =
∑
i+j=d
dim(Ri,j)− dim(Ii,j)
On the other hand, for all (i, j) ∈ N× N, dim(Ri,j)− dim(Ii,j) = dim(Ri,j/Ii,j).

Proposition 4 Let I ⊂ R be a bi-homogeneous ideal and let J = ∩Q∈Adm(I)Q. Suppose
that J has Krull dimension 2. There exists (i0, j0) ∈ N × N suh that for all i > i0 and
j > j0, dim(Ri,j/Ji,j) = dim(Ri0,j0/Ji0,j0) whih equals the bi-degree of I.
Proof. From Remark 3, the bi-degree of I is the bi-degree of the ideal J = ∩Q∈Adm(I)Q.
From Proposition 2 and Denition 3, the bi-degree of J is the degree of the ideal J + 〈u−
1, v − 1〉 where u (resp. v) is a generi homogeneous linear form in Q[X0, . . . , Xn] (resp.
Q[ℓ0, . . . , ℓk]).
Consider now A ∈ GLn+k+2(Q) suh that uA = X0 and vA = ℓ0, and suh that the
anonial ation of A on R is a bi-graded isomorphism on R of bi-degree (0, 0) with respet
to the variables X0, . . . , Xn and ℓ0, . . . , ℓk. Note that the bi-degree of J equals the one of
JA whih is the degree of JA + 〈X0 − 1, ℓ0 − 1〉. In the sequel, denote by J ′A the ideal(
JA + 〈X0 − 1, ℓ0 − 1〉
) ∩Q[X1, . . . , Xn, ℓ1, . . . , ℓk]
From Lemma 5, dim(Ri,j/Ji,j) = dim(R
A
i,j/J
A
i,j). Moreover, sine by denition of
JA, X0 (resp. ℓ0) is not a zero-divisor in R
A/JA, from Lemma 4, dim(RAi,j/J
A
i,j) =
dim(R′Ai,j/φi,j(J
′A
6i,6j)). Finally, from Lemma 3 dim(R
′A
i,j/φi,j(J
′A
6i,6j)) = dim(R
′A
6i,6j/J
′A
6i,6j).
Thus, one has dim(Ri,j/Ji,j) = dim(R
′A
6i,6j/J
′A
6i,6j). It is suient to prove there ex-
ists (i0, j0) ∈ N × N suh that for all (i, j) ∈ N × N satisfying i > i0 and j > j0,
dim(R′A6i,6j/J ′
A
6i,6j)
= dim(R′A6i0,6j0/J
′A
6i0,6j0) and that dim(R
′A
6i0,6j0/J
′A
6i0,6j0) equals the degree of J
′A
.
These are a onsequene of dim(J ′A) = 0 and for i, j and d large enough dim(R′A6i,6j/J ′
A
6i,6j) =
dim(R′A6d/J
′A
6d) = deg(J
′A), where R′A6d (resp. J
′A
6d) denotes the set of polynomials in R
′A
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(resp. J ′A) of degree less than or equal to d.

2.3 Canonial form of the Hilbert bi-series
In this paragraph, we provide a anonial form of the Hilbert bi-series of a bi-homogeneous
ideal I ⊂ R with respet to the integers Cd,e(I) where (d, e) lies in the set of admissible
bi-dimensions of I.
Lemma 7 Let I ⊂ R be a bi-homogeneous ideal. For i = 1, . . . , s let fi be a bi-homogeneous
polynomial in R of bi-degree (αi, βi). For i = 1, . . . , s, denote by Ii the ideal I + 〈f1, . . . , fi〉
and suppose that for all i ∈ {1, . . . , s− 1}, fi+1 is not a divisor of zero in R/Ii.
Then the Hilbert bi-series of Is equals
(
Πsi=1(1− tαi1 tβi2 )
)
H(I).
Proof. We proeed by indution on s. Suppose rst s = 1.
Denote by annR/I(f1) the annihilator of f1 in R/I. The sequene below
0→ annR/I(f1) −→ R/I f1−→R/I −→ R/(I + 〈f1〉)→ 0
is exat. Sine f1 is not a zero divisor in R/I, annR/I(f1) is 0. Remark that, sine f1 is
bi-homogeneous, and Ii,j and Ri,j ontain only bi-homogeneous polynomials, the following
one
0 −→ Ri,j/Ii,j f1−→Ri+α1,j+β1/Ii+α1,j+β1 −→ Ri,j/(I + 〈f1〉)i,j → 0
is also exat. Thus, lassially, the alternate sum of the dimension of the vetor spaes of
this exat sequene is null. Adding these sums for all (i, j) ∈ N× N, one obtains:
(1 − tα11 tβ12 )H(I) = H(I1)
where (α1, β1) is the bi-degree of f1. Suppose now the result to be true for s − 1, i.e. the
Hilbert bi-series of Is−1, H(Is−1), equals
(
s−1∏
i=1
(1 − tαi1 tβi2 )
)
H(I). Sine, by assumption, fs
is not a divisor of 0 in R/Is−1, the following sequene is exat:
0→ annR/Is−1(fs) −→ R/Is−1
fs−→R/Is−1 −→ R/(Is−1 + 〈fs〉)→ 0
whih implies, as above, that H(Is) = (1 − tαs1 tβs2 )H(Is−1) and then, using the indution
hypothesis, H(Is) =
(
Πsi=1(1− tαi1 tβi2 )
)
H(I)

Lemma 8 The Hilbert bi-series of R is 1(1−t1)n+1(1−t2)k+1
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Proof. This is an appliation of Lemma 7, onsidering the sequene X0, . . . ,
Xn, ℓ0, . . . , ℓk, whih is a regular one.

Proposition 5 Let I ⊂ R be a bi-homogeneous ideal. Then the Hilbert bi-series of I has
the form :
H(I) = P (t1, t2)
(1− t1)n+1(1− t2)k+1
where P (t1, t2) is a polynomial of Z[t1, t2].
Proof. We rst exhibit a free nite bi-graded resolution of I. Next, onsidering eah
bi-homogeneous part of suh a resolution, we onlude by using the alternate summation of
the exhibited bi-graded resolution.
From Lemma 1, sine I is bi-homogeneous, it is generated by a nite family of bi-
homogeneous polynomials f1, . . . , fs, and denote by (αi, βi) the bi-degree of fi for i =
1, . . . , s. Thus, I is an R-module of nite type. From Hilbert's syzygies theorem (see [30, p.
208℄), I admits a nite free graded resolution :
0 −→ Lk =
dk⊕
i=1
R(γk,i))
φk−→· · · φ2−→L1 =
d1⊕
i=1
R(γ1,i)
φ1−→I −→ 0
The quantities γi are integer shift of the usual graduation of R making the morphisms φi
homogeneous and of degree 0. The morphism φ1 from L1 to I, sends the element (p1, . . . , ps)
of L1 to the element Σ
s
i=1pifi of I.
In order to make φ1 a bi-homogeneous morphism of bi-degree (0, 0), we shift the bi-
graduation on eah R by the bi-degree of the fi's : the R-module L1 beomes L1 =⊕s
i=1 R((αi, βi)) instead of
⊕s
i=1 R(γ1,i) (where for i = 1, . . . , s, γ1,i = αi + βi).
Considering the system of generators of the syzygies between the fi's whih are used in
the above resolution, say r1, . . . , rd1 ∈ L1, one sees that, as the fi's are bi-homogeneous,
all bi-homogeneous omponent of the rj are also some syzygies. This means that we an
restrit ourselves to onsider that the ri's are bi-homogeneous.
As above, in order to make φ2 bi-homogeneous of bi-degree (0, 0) we shift the bi-
graduation of L2 aordingly to the bi-degrees of the rj . We apply the same proess to
the other syzygy modules to nally get a bi-graded free resolution of I.
This free bi-graded resolution is an exat sequene, and the morphisms are bi-homogeneous
of bi-degree (0, 0). Thus, the alternate sum of the dimensions of the bi-graded parts of degree
(α, β) of the Li and of I is null.
Remark now that from Lemma 8 the Hilbert bi-series of R with the bi-graduation shifted
of (α, β) is
tα1 t
β
2
(1−t1)n+1(1−t2)k+1 .
Consequently, the expression of the Hilbert bi-series of I is obtained by summing these
Hilbert bi-series, as the denominators of these frations are always the same, the sum an
be performed only on the numerators to nally get a polynomial P (t1, t2) ∈ Z[t1, t2] suh
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that the Hilbert bi-series of I equals P (t1, t2)/(1− t1)n+1(1 − t2)k+1.

Lemma 9 Let I ⊂ R be a bi-homogeneous ideal and J = ∩Q∈Adm(I)Q. There exists a
ouple (i0, j0) ∈ N× N suh that for all (i, j) ∈ N× N satisfying i > i0 and j > j0:
dim
(
Ri,j
Ii,j
)
= dim
(
Ri,j
Ji,j
)
Proof. Denote by X (resp. L) the intersetion of the isolated primary idealsQ belonging to a
minimal primary deomposition of I suh that there existsN ∈ N suh that 〈X0, . . . , Xn〉N ⊂
Q (resp. 〈ℓ0, . . . , ℓk〉N ⊂ Q). One has I = J ∩ X ∩ L. We show below that there exists
(i0, j0) ∈ N× N suh that for all i > i0 and all j > j0, Ii,j = Ji,j .
Let i0 be the smallest integer suh that 〈X0, . . . , Xn〉i0 ⊂ X , (resp. j0 the smallest integer
suh that 〈ℓ0, . . . , ℓk〉j0 ⊂ L). Then for all i > i0 and all j ∈ N, Xi,j = Ri,j . Similarly, for
all j > j0 and all i ∈ N, Li,j = Ri,j .
Remark that for all (i, j) ∈ N × N, Ii,j = (J ∩ X ∩ L)i,j equals Ji,j ∩ Xi,j ∩ Li,j . Then,
for all i > i0 and all j > j0, Ii,j equals Ji,j . This allows to onlude.

Lemma 10 Let I ⊂ R be a bi-homogeneous ideal, J = ∩Q∈Adm(I)Q and f ∈ R be a bi-
homogeneous polynomial of bi-degree (α, β) whih does not divide 0 in R/J . Denote by∑
i,j ai,jt
i
1t
j
2 the Hilbert bi-series of I + 〈f〉 and by
∑
i,j bi,jt
i
1t
j
2 the Hilbert bi-series of I
times (1 − tα1 tβ2 ).
There exists a ouple (i0, j0) ∈ N × N suh that for all (i, j) ∈ N × N satisfying i > i0
and j > j0, ai,j = bi,j .
Proof. We denote by
∑
i,j ci,jt
i
1t
j
2 the Hilbert bi-series of J+〈f〉 and by
∑
i,j di,jt
i
1t
j
2 the
Hilbert bi-series of J times (1 − tα1 tβ2 ). From Lemma 7, H(J + 〈f〉) equals (1− tα1 tβ2 )H(J).
This implies that for all (i, j) ∈ N×N di,j = ci,j . In the sequel, we prove that there exists a
ouple (i0, j0) ∈ N×N suh that for all (i, j) ∈ N×N satisfying i > i0 and j > j0, ci,j = ai,j
and bi,j = di,j .
Remark now that Adm(J + 〈f〉) = Adm(I + 〈f〉). Thus, from Lemma 9, there ex-
ists a ouple (i1, j1) ∈ N × N suh that for (i, j) ∈ N × N satisfying i > i1 and j > j1,
dim
(
Ri,j
(∩Q∈Adm(I+〈f〉)Q)i,j
)
= ci,j = ai,j . Similarly, applying Lemma 9 to I and J implies the
existene of a ouple (i2, j2) ∈ N × N suh that for all (i, j) satisfying i > i2 and j > j2,
bi,j = di,j . Choosing i0 = max(i1, i2) and j0 = max(j1, j2) allows us to onlude.

The following result provides a anonial form of the Hilbert bi-series of a bi-homogeneous
ideal. It generalizes the results of [31℄ whih yields a similar result in the ase of a prime
admissible bi-homogeneous ideal.
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Proposition 6 Let I ⊂ R be a bi-homogeneous ideal, D be the maximal Krull-dimension of
its isolated admissible primary omponents and D = {(d, e) ∈ N × N | d + e + 2 = D}. For
(i, j) ∈ N × N suh that i + j 6 D − 3, there exist ci,j ∈ Z and a polynomial Q ∈ Z[t1, t2]
suh that the Hilbert bi-series of I equals: ∑
(d,e)∈D
Cd,e(I)
(1− t1)d+1(1− t2)e+1
 +
 ∑
−16i+j6D−3
ci,j
(1− t1)i+1(1− t2)j+1
 +Q(t1, t2)
Proof. From Proposition 5, there exists a polynomial P ∈ Z[t1, t2] suh that the Hilbert
bi-series of I we denote by H(I) equals:
P (t1, t2)
(1 − t1)n+1(1 − t2)k+1
Writing the polynomial P on the basis {(1− t1)i(1− t2)j | (i, j) ∈ N× N}, one obtains the
existene of a polynomial Q ∈ Z[t1, t2] and of integers ci,j ∈ Z suh that the Hilbert bi-series
of I equals: ∑
06i+j6n+k+2
ci,j
(1− t1)i(1− t2)j +Q. (1)
Given a ouple (d, e) ∈ D, for a generi hoie of homogeneous linear forms u1, . . . , ud (resp.
v1, . . . , ve) in Q[X0, . . . , Xn] (resp. Q[ℓ0, . . . , ℓk]), one has:
 from Proposition 2, I(d,e) = I + 〈u1, . . . , ud, v1, . . . , ve〉 is a bi-homogeneous ideal of
bi-dimension (0, 0),
 from Remark 2, ui (resp. vj) does not divide zero in
R
(∩Q∈Adm(I+〈u1,...,ui−1〉)Q)
,
 from Proposition 4 and Lemma 9, there exists (i0, j0) ∈ N × N suh that for all
(i, j) ∈ N × N suh that i > i0 and j > j0, the term of index (i, j) in the Hilbert
bi-series of I(d,e) equals the bi-degree of I(d,e),
 from Lemma 7 and Lemma 9, there exists (i1, j1) ∈ N×N suh that for all (i, j) ∈ N×N
suh that i > i1 and j > j1, the term of index (i, j) in the Hilbert bi-series of I
(d,e)
equals the term of index (i, j) in the bi-series (1− t1)d(1− t2)eH(I).
Remark now that there exists a polynomial Q˜ ∈ Z[t1, t2] suh that:
(1− t1)d(1− t2)eH(I) =
∑
i,j
ci,j
(1− t2)i−d(1− t2)j−e + (1 − t1)
d(1− t2)eQ
=
cd+1,e+1
(1− t1)(1− t2) +
∑
i>d,
j>e
ci,j
(1 − t1)i−d(1 − t2)j−e + Q˜
whih implies that cd+1,e+1 = Cd,e(I) and ci,j = 0 if i > d and j 6 e.

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2.4 Properties of the bi-degree of a bi-homogeneous ideal
In this paragraph, we study the bi-degree of I + 〈f〉 when I (resp. f) is a bi-homogeneous
ideal (resp. polynomial) of R and exhibit how it is related to the one of I.
The following result appears in a slightly dierent form in [40℄ and [31, Lemma 2.11℄ in
the ase of a prime ideal.
Proposition 7 Let I ⊂ R be a bi-homogeneous ideal, J = ∩Q∈Adm(I)Q, D be the dimension
of J , and f ∈ R a non-divisor of zero in R/J . Suppose that J is equidimensional.
Then, the bi-degree of I + 〈f〉 is equal to:
α
(∑
(d,e)|d+e+3=D Cd+1,e(I)
)
+ β
(∑
(d,e)|d+e+3=D Cd,e+1(I)
)
Proof. From Proposition 6, the Hilbert bi-series of J an be written as:∑
d+e+2=D
Cd,e(J)
(1− t1)d+1(1 − t2)e+1 +
∑
i+j+26D−1
ci,j
(1 − t1)i+1(1− t2)j+1 +Q(t1, t2)
From Lemma 7, sine f does not divide zero in R/J , the Hilbert bi-series of J + 〈f〉 equals
the Hilbert bi-series of J multiplied by (1− tα1 tβ2 ). Sine
1− tα1 tβ2 = 1− tα1 + tα1 (1− t2)β
= (1− t1)
α−1∑
p=0
tp1 + t
α
1 (1 − t2)
β−1∑
q=0
tq2
some easy omputations show that the Hilbert bi-series of J + 〈f〉 has the form:∑
d+e+2=D−1
αCd+1,e(J)+βCd,e+1(J)
(1−t1)d+1(1−t2)e+1 +∑
i+j+26D−2
c˜i,j
(1−t1)i+1(1−t2)j+1 + Q˜(t1, t2)
for some c˜i,j ∈ Z and Q ∈ Z[t1, t2]. Thus, from Proposition 6, the bi-degree of J + 〈f〉,
whih equals the bi-degree of I + 〈f〉 is
α
∑
d+e+2=D
Cd+1,e(I) + β
∑
d+e+2=D
Cd,e+1(I).

The following lemma extends to the bi-projetive ase a result of [23℄.
Lemma 11 Let I be a bi-homogeneous ideal, and denote by J the ideal, J = ∩Q∈Adm(I)Q.
Suppose that J is equidimensional and dim(J) > 3. Let f be a bi-homogeneous polynomial
of bi-degree (α, β) dividing zero in R/J and suh that dim(J + 〈f〉) = dim(J). Then, the
bi-degree of I + 〈f〉 is less than or equal to the bi-degree of I.
Suppose now that there exists f˜ a bi-homogeneous polynomial of bi-degree (α, β) whih
does not divide 0 in R/J . Then, denoting by D the dimension of J :
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 if α 6= 0 and β 6= 0, bideg(I + 〈f〉) 6 bideg(I + 〈f˜〉);
 if α = 0 and C0,D−2(J) = 0, bideg(I + 〈f〉) 6 bideg(I + 〈f˜〉);
 if β = 0 and CD−2,0(J) = 0, bideg(I + 〈f〉) 6 bideg(I + 〈f˜〉).
Proof. Let D ⊂ N× N be the set of admissible dimensions of J . Sine dim(J + 〈f〉) =
dim(J), bideg(J+〈f〉) =∑(d,e)∈D Cd,e(J+〈f〉). From Proposition 2 there exist H1 andH2,
two Zariski losed subset of (Cn+1)d+1 × (Ck+1)e+1 suh that if we hoose u1, . . . , ud, ud+1,
v1, . . . , ve, ve+1 outsideH1∪H2, J+〈(u1−1), . . . , ud, ud+1, (v1−1), . . . , ve, ve+1〉 and J+〈(u1−
1), . . . , ud, ud+1, v1, . . . , ve,
ve+1〉+〈f〉 are zero-dimensional ideals. Hene as J+〈(u1−1), . . . , ud, ud+1, (v1−1), . . . , ve, ve+1〉
is inluded in J + 〈(u1 − 1), . . . , ud, ud+1, (v1 − 1), . . . , ve,
ve+1, f〉, deg(J+〈(u1−1), . . . , ud, ud+1, (v1−1), . . . , ve, ve+1〉+〈f〉) 6 deg(J+〈u1, . . . , ud, v1, . . . , ve〉).
This proves that Cd,e(I+〈f〉) = Cd,e(J+〈f〉) 6 Cd,e(J) = Cd,e(I). Summing these equality
for all admissible bi-dimension one obtains that bideg(I + 〈f〉) 6 bideg(I) whih proves the
rst part of the result.
Consider now f˜ a bi-homogeneous polynomial of bidegree (α, β) whih does not divide
zero in R/J . From the formula given by Proposition 7, the bi-degree of J + 〈f˜〉 is obviously
greater than the one of J if
 α 6= 0 and β 6= 0,
 or α = 0 and CD−2,0(J) = 0 where D = dim(J),
 or β = 0 and C0,D−2(J) = 0 where D = dim(J),
whih ends the proof.

2.5 Proofs of Theorems 1 and 2
We an now prove Theorem 1, whih we now restate.
Theorem 1 Let s ∈ {1, . . . , n + k} and f1, . . . , fs be bi-homogeneous polynomials in
R of respetive bi-degree (αi, βi) generating a bi-homogeneous ideal I. Suppose that there
exist at most n fi suh that βi = 0 and at most k fi suh that αi = 0, then the sum of
the bi-degrees of the bi-homogeneous assoiated primes of I is bounded by B(f1, . . . , fs) =∑
I,J
(Πi∈Iαi) . (Πj∈J βj) where I and J are disjoint subsets for whih the union is {1, . . . , s}
suh that the ardinality of I (resp. J ) is bounded by n (resp. k).
Proof of Theorem 1. For i ∈ {1, . . . , s} we denote by Ii the ideal generated by
〈f1, . . . , fi〉. Given an ideal I, we denote by Ass(I) the set of primes assoiated to I. Given
(d, e) ∈ N × N, we identify the artesian produt of the set of d linear homogeneous forms
in Q[X0, . . . , Xn] and e linear homogeneous forms in Q[ℓ0, . . . , ℓk] to Q
d(n+1) ×Qe(k+1).
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Let P(i) be the property: for every ouple (d, e) ∈ N × N suh that d + e = n + k − i,
there exists a Zariski-losed subset H ( Qd(n+1) ×Qe(k+1) suh that for every hoie of
 d linear homogeneous forms u1, . . . , ud in Q[X0, . . . , Xn] generating the ideal denoted
by Ud
 e linear homogeneous forms v1, . . . , ve in Q[ℓ0, . . . , ℓk] generating the ideal denoted by
Ve
 suh that (u1, . . . , ud, v1, . . . , ve) ∈
(
Qd(n+1) ×Qe(k+1)) \ H
One has :
∑
P∈Ass(√Ii)
bideg (P + Ud + Ve) ≤
∑
|A|=n−d,|B|=k−e
A∩B=∅,A∪B={1,...,i}
∏
p∈A
αp
∏
q∈B
βq

By denition 3 of the bi-degree of a bi-homogeneous ideal P(1) is true. Let us show now
that P(i) implies P(i+ 1)
Remark that
(
⋂
P∈Ass(√Ii)
P) + 〈fi+1〉 ⊂
⋂
P∈Ass(√Ii)
(P + 〈fi+1〉) ⊂
⋂
P∈Ass(√Ii)
(√
P + 〈fi+1〉
)
.
Note also that all the above ideals have the same radial whih is
√
Ii+1. Let Q0 ∈
Ass(
√
Ii+1) be a bihomogeneous admissible prime ideal. We show now that there exists
P0 ∈ Ass(
√
Ii) suh that Q0 ∈ Ass(
√
P + 〈fi+1〉).
Notie that the ideal J =
⋂
P∈Ass(√Ii)
√
P + 〈fi+1〉 equals the ideal
√
Ii+1 = ∩Q∈Ass(√Ii+1)Q.
Consider h ∈ ⋂Q∈Ass(√Ii)\{Q0}Q. The saturation of J by h, J : h∞ = {f ∈ R | ∃p ∈ N |
hpf ∈ J} equals Q0 (Q0 is prime) whih implies that
⋂
P∈Ass(√Ii)
(√
P + 〈fi+1〉 : h∞
)
=
Q0. For all P ∈ Ass(
√
Ii),
√
P + 〈fi+1〉 : h∞ is the intersetion of the ideals inAss(
√
P + 〈fi+1〉)
whih do not ontain h. Thus, there exists P ∈ Ass(√Ii) suh that
√
P + 〈fi+1〉 : h∞ = Q0
whih implies that Q0 ∈ Ass(
√
P + 〈fi+1〉).
Consider a prime ideal P of Ass(√Ii), let (d, e) ∈ N×N be suh that d+e = n+k− i−1,
and let u1, . . . , ud (resp. v1, . . . , ve) be linear homogeneous forms in Q[X0, . . . , Xn] (resp.
in Q[ℓ0, . . . , ℓk]), then denoting by Ud the ideal generated by u1, . . . , ud (resp. Ve the one
generated by v1, . . . , ve), one has :
P + 〈fi+1〉+ Ud + Ve ⊂
√
P + 〈fi+1〉+ Ud + Ve ⊂
(
⋂
Q∈Ass(P+〈fi+1〉)
Q) + Ud + Ve ⊂
⋂
Q∈Ass(
√
P+〈fi+1〉)(Q + Ud + Ve)
Sine P is prime, P+〈fi+1〉 is equidimensionnal whih implies that for allQ ∈ Ass(
√
P + 〈fi+1〉),
dim(Q) = dim(P + 〈fi+1〉).
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So from the above four inlusions, one dedues that:
bideg(P + 〈fi+1〉+ Ud + Ve) ≥
∑
R∈Ass(
√
P+〈fi+1〉)
bideg(R+ Ud + Ve)
As shown above, for all Q ∈ Ass(√Ii+1) there exists at least one ideal P ∈ Ass(√Ii)
suh that Q ∈ Ass(
√
P + 〈fi+1〉). Thus, the above inequality implies that:∑
Q∈Ass(
√
Ii+1)
bideg (Q+ Ud + Ve) ≤
∑
P∈Ass(√Ii)
bideg (P + 〈fi+1〉+ Ud + Ve)
From the theorem's assumptions, Ii+1 is generated by f1, . . . , fi+1, with i ≤ n+ k − 1.
Thus, sine the ouple (d, e) is suh that d + e = n + k − i − 1, for all P ∈ Ass(√Ii), one
has dim(P + Ud + Ve) ≥ 2 whih allows us to use Lemma 11 and Proposition 7 to prove the
existene of a Zariski-losed subset A ( Cn+1×Ck+1 suh that if u and v are homogeneous
linear forms of Q[X0, . . . , Xn] and Q[ℓ0, . . . , ℓk] and (u, v) is hosen outside the Zariski-losed
subset A ∑
Q∈Ass(
√
Ii+1)
bideg (Q+ Ud + Ve)
is bounded by the sum :
αi+1
∑
P∈Ass(
√
Ii)
bideg (P + 〈u〉+ Ud + Ve) + βi+1
∑
P∈Ass(
√
Ii)
bideg (P + 〈v〉+ Ud + Ve)
Then, using P(i) on the preeding formulation allows us to state P(i+ 1).
Thus, under the assumptions of Theorem 1, for i < s, the property P(i) implies P(i+1)
and P(1) is true.
We now bound the strong bi-degree of I using P(s). Let (d, e) be a ouple of integers
suh that d + e ≤ n + k, and H ( Cd(n+1) × Ce(k+1) be a Zarikisi-losed subset suh
that hosing homogeneous linear forms u1, . . . , ud (resp. v1, . . . , ve) in Q[X0, . . . , Xn] (resp.
Q[ℓ0, . . . , ℓk]) outisde H and denoting by Ud (resp. Ve) be the ideal generated by u1, . . . , ud
(resp. v1, . . . , ve), by denition of the bi-degree, for any prime ideal P suh that dim(P) >
d+ e, one has :
bideg(P + Ud + Ve) =
∑
(d′,e′)∈N×N
d+e+d′+e′=dim(P)−2
Cd+d′,e+e′(P).
We end the proof looking at the hilbert bi-series of these ideals and remarking that for
any assoiated prime P of
√
I
bideg(P) ≤
∑
(d,e)∈N×N
d+e=n+k−s
bideg(P + Ud + Ve).
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Hene P(s) allows us to bound the strong bi-degree of I by B(f1, . . . , fs).
We prove now Theorem 2 whih we now restate:
Consider the mapping :
φ : Q[X1, . . . , Xn, ℓ1, . . . , ℓk] → Q[X0, X1, . . . , Xn, ℓ0, ℓ1, . . . , ℓk]
f 7→ XdegX (f)0 ℓdegℓ(f)0 f(X1X0 , . . . ,
Xn
X0
, ℓ1ℓ0 , . . . ,
ℓk
ℓ0
)
where degX(f) (resp. degℓ(f)) denotes the degree of f seen as a polynomial in Q(ℓ1, . . . , ℓk)[X1, . . . , Xn]
(resp. Q(X1, . . . , Xn)[ℓ1, . . . , ℓk]).
Given an ideal I ⊂ Q[X1, . . . , Xn, ℓ1, . . . , ℓk], denote by φ(I) the ideal generated by {φ(f) |
f ∈ I} ⊂ Q[X0, . . . , Xn, ℓ0, . . . , ℓk].
Then, φ(I) is a bi-homogeneous ideal and the sum of the degrees of the isolated primary
omponents of I is bounded by the strong bi-degree of φ(I).
Proof of Theorem 2. The rst assertion is obvious. We fous on the seond one.
Denote by ψ the mapping:
ψ : Q[X1, . . . , Xn, ℓ1, . . . , ℓk] → Q[X0, X1, . . . , Xn, ℓ1, . . . , ℓk]
f 7→ Xdeg(f)0 f(X1X0 , . . . ,
Xn
X0
, ℓ1X0 , . . . ,
ℓk
X0
)
Given an ideal I ⊂ Q[X1, . . . , Xn, ℓ1, . . . , ℓk], we denote by ψ(I) the homogeneous ideal
generated by {ψ(f) | f ∈ I} ⊂ Q[X0, X1, . . . , Xn, ℓ1, . . . , ℓk].
Following [11℄, if Q1, . . . ,Qr are the primary ideals of a minimal primary deomposition
of I, φ(I) = ∩ri=1φ(Qi) and ψ(I) = ∩ri=1ψ(Qi).
Thus, if I is equidimensional, φ(I) and ψ(I) are equidimensional. Additionnally, if I is
radial, φ(I) and ψ(I) are radial.
Suppose now that I is an equidimensional ideal. Given a polynomial f ∈ Q[X1, . . . , Xn, ℓ1, . . . , ℓk],
remark that φ(f) divided by X0 − ℓ0 with respet to ℓ0 equals
X
min(degX(f),degℓ(f))
0 ψ(f).
This proves that the ideal (φ(I) + 〈X0 − ℓ0〉) ∩ Q[X0, . . . , Xn, ℓ1, . . . , ℓk] saturated by X0,
denoted by J in the sequel, equals ψ(I). This implies that the degree of J equals the
one of ψ(I). Thus the degree of ψ(I) is bounded by the degree of (φ(I) + 〈X0 − ℓ0〉) ∩
Q[X0, . . . , Xn, ℓ1, . . . , ℓk] whih is itsself bounded by the degree of φ(I) + 〈X0 − ℓ0〉. From
Bézout's theorem (see [, Fulton℄), the sum of the degrees of the isolated primary omponents
of φ(I) + 〈X0 − ℓ0〉 is bounded by the degree of φ(I), sine φ(I) is equidimensional.
Thus, the degree of ψ(I) is bounded by the one of φ(I).
On the one hand, the degree of I equals the one of ψ(I) (see [11, a expliiter℄). On the
other hand, from Proposition 6 and Proposition 3, the degree of φ(I) equals the bi-degree
of φ(I). Finally, if I is equidimensional, its degree is bounded by the bi-degree of φ(I).
If I is not equidimensional, it is suient to apply the above to eah isolated primary
omponent of I sine if Q1, . . . ,Qr are the primary ideals of a minimal primary deomposi-
tion of I, ψ(I) = ∩ri=1ψ(Qi) and φ(I) = ∩ri=1φ(Qi).
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Corollary 2 Let S be a nite polynomial family in Q[X1, . . . , Xn, ℓ1, . . . , ℓk] and I be the
ideal generated by S whih is supposed to be radial. Consider the ideal J of Q[X0, . . . , Xn, ℓ0, . . . , ℓk]
generated by {φ(f) | f ∈ S}.
Then, the sum of the degrees of the irreduible omponents of I is bounded by the strong
bi-degree of
√
J .
Proof. From Theorem 2, the degree of I is bounded by the strong bi-degree of φ(I).
Thus, it is suient to prove that the strong bi-degree of φ(I) is bounded by the one of
√
J .
Sine, from [11℄, for all f ∈ φ(I), there exists p and q in N suh that Xp0 ℓq0f belongs to J ,
φ(I) equals the ideal obtained by saturating J by X0 and ℓ0. Sine I is radial, following the
proof of Theorem 2, φ(I) is radial. Then, eah prime omponent Q of φ(I) is an isolated
primary omponent of J . Hene is a prime omponent of
√
J . This implies that the strong
bi-degree of
√
J (being the sum of the degree of the prime omponents of
√
J) bounds the
one of φ(I) as φ(I) is radial and as all the prime omponents of φ(I) an be found among
the ones of
√
J .

3 Degree bounds on the ritial lous of a projetion
Consider a polynomial family (f1, . . . , fs) in Q[X1, . . . , Xn] generating a radial ideal suh
that the algebrai variety V ⊂ Cn dened by f1 = · · · = fs = 0 is smooth, fs+1 ∈
Q[X1, . . . , Xn] and the polynomial mapping f˜s+1 : y ∈ V → fs+1(y). For i ∈ {1, . . . , s}, we
denote by Di the degree of fi and by D = max(Di, i = 1, . . . , s+ 1).
We prove in this setion that the sum of the degrees of the equidimensional omponents
of the ritial lous of the polynomial mapping f˜s+1 is bounded byD1 · · ·Ds(D−1)n−s
(
n
n−s
)
.
Denition 5 Consider an algebrai variety V ⊂ Cn, and denote by I(V) ⊂ Q[X1, . . . , Xn]
the ideal assoiated to V.
 If f is a polynomial in Q[X1, . . . , Xn], the linear part of f at a point p = (p1, . . . , pn) ∈
Cn, denoted by dp(f), is dened to be: dp(f) =
∂f
∂X1
(X1 − p1) + . . .+ ∂f∂Xn (Xn − pn).
 The tangent spae of V at p, denoted by Tp(V), is the set of ommon zeroes of dp(f)
for f ∈ I(V).
 For p ∈ V, the dimension of V at p, denoted by dimp(V), is the maximum dimension
of an irreduible omponent of V ontaining p.
 A point p ∈ V is said to be smooth (or nonsingular) if dim(Tp(V)) = dimp(V).
 An algebrai variety V ⊂ Cn is smooth if and only if all points p ∈ V are smooth
points.
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Lemma 12 Let V ⊂ Cn be a smooth algebrai variety dened by s polynomials f1, . . . , fs in
Q[X1, . . . , Xn]. Suppose 〈f1, . . . , fs〉 to be radial, and let fs+1 be a polynomial in Q[X1, . . . , Xn]
and f˜s+1 be the mapping:
f˜s+1 : V ⊂ Cn −→ C
(x1, . . . , xn) 7→ fs+1(x1, . . . , xn)
Given p ∈ V, the point p is a ritial point of f˜s+1 if and only if there exists a point
(λ1, . . . , λs) in C
s
suh that (λ1, . . . , λs, p) ∈ Cs×Cn is a solution of the polynomial system
in Q[ℓ1, . . . , ℓs, X1, . . . , Xn]: 
f1 = · · · = fs = 0
ℓ1
∂f1
∂X1
+ · · ·+ ℓs ∂fs∂X1 =
∂fs+1
∂X1
ℓ1
∂f1
∂X2
+ · · ·+ ℓs ∂fs∂X2 =
∂fs+1
∂X2
.
.
.
ℓ1
∂f1
∂Xn
+ · · ·+ ℓs ∂fs∂Xn =
∂fs+1
∂Xn
where ℓ1, . . . , ℓs, are new variables.
Proof. By denition, a point p ∈ V is a ritial point of f˜s+1 restrited to V if
and only if the dierential of f˜s+1 at p, denoted by dp(f˜s+1) is not surjetive. This is
equivalent to say that the gradient gradp(fs+1) is orthogonal to Tp(V). On the other
hand, from the seond item of Denition 5 and sine 〈f1, . . . , fs〉 is radial, the vetor spae
Span(gradp(f1), . . . ,gradp(fs)) is supplementar with Tp(V).
Thus, p is a ritial point of f˜s+1 restrited to V if and only if the gradient gradp(fs+1)
belongs to Span(gradp(f1), . . . ,gradp(fs)).
In other words, there exist omplex numbers λ1, . . . , λs suh that:
f1(p) = · · · = fs(p) = 0
λ1
∂f1
∂X1
+ · · ·+ λs ∂fs∂X1 =
∂fs+1
∂X1
λ1
∂f1
∂X2
+ . . .+ λs
∂fs
∂X2
= ∂fs+1∂X2
.
.
.
λ1
∂f1
∂Xn
+ · · ·+ λs ∂fs∂Xn =
∂fs+1
∂Xn
whih ends the proof.

Remark 4 This algebrai haraterization is well known as Lagrange's haraterization (or
Lagrange's system).
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Note that the above Lemma denes ritial points of a polynomial mapping restrited to
an algebrai variety as roots of an elimination ideal. Remark that the onsidered algebrai
variety is not supposed to be equidimensional ontrarily to the algebrai haraterization of
ritial points whih is used in [2, 35, 37, 7, 4, 5℄.
This is a key point to generalize Safey-Shost's algorithm [37℄ omputing at least one
point in eah onneted omponent of a real algebrai variety to the non equidimensional
ase.
We are now ready to state the main result of this setion.
Theorem 3 Let f1, . . . , fs in Q[X1, . . . , Xn] be s polynomials (with s 6 n − 1). Sup-
pose 〈f1, . . . , fs〉 is a radial ideal and denes a smooth algebrai variety V ⊂ Cn. Let
fs+1 ∈ Q[X1, . . . , Xn] and onsider the mapping f˜s+1 sending x ∈ Cn to fs+1(x). De-
note by D1, . . .Ds, Ds+1 the respetive degrees of f1, . . . , fs, fs+1, and by D the maximum of
D1, . . . , Ds, Ds+1. Then, the sum of the degrees of the equidimensional omponents of the
ritial lous of f˜s+1 restrited to V is bounded by:
D1 · · ·Ds(D − 1)n−s
(
n
n− s
)
Proof. Let X0 and ℓ0 be new variables and denote, as in the proof of Theorem 2, by φ
the mapping whih assoiates to f ∈ Q[X1, . . . , Xn, ℓ1, . . . , ℓk] the polynomial
φ(f) = X
degX (f)
0 ℓ
degℓ(f)
0 f(
X1
X0
, . . . ,
Xn
X0
,
ℓ1
ℓ0
, . . . ,
ℓk
ℓ0
)
where degX(f) (resp. degℓ(f)) denotes the degree of f when it is seen as a polynomial in
Q(ℓ1, . . . , ℓk)[X1, . . . , Xn] (resp. Q(X1, . . . , Xn)[ℓ1, . . . , ℓk]).
Denote by J the ideal generated by Lagrange's system S given in Lemma 12. Bounding
the sum of the geometri degrees of the equidimensional omponents of the ritial lous of
f˜s+1 is equivalent to bounding the sum of the degrees of the equidimensional omponents
of
√
J . From Corollary 2, this sum is bounded by the strong bi-degree of
√
φ(J). Now,
applying Theorem 1 to 〈φ(f), f ∈ S〉 ends the proof.

Remark 5 Suppose V ⊂ Cn is an equidimensional algebrai variety of dimension d. In this
ase, the ritial points of a mapping an be haraterized by the vanishing of some minors
of a jaobian matrix. Then, applying the lassial Bézout theorem to the obtained polynomial
system yields the degree bound:
Dn−d ((n− d)(D − 1))d .
This quantity, whih is greater than the one obtained in Theorem 3, is used in [5, 4℄ to
bound, in the worst ase, the number of ritial points omputed by the algorithms proposed
in these papers. A similar approah is used in [35, 7, 6℄.
Our bound, given in Theorem 3, shows that the previous ones were not sharp, in partiular
when d = n/2.
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The following orollary is intensively used in the next setion.
Corollary 3 Let f1, . . . , fs in Q[X1, . . . , Xn] be s polynomials (with s 6 n−1). Suppose they
generate a radial ideal and dene a smooth algebrai variety V ⊂ Cn. Denote by D1, . . . Ds
the respetive degrees of f1, . . . , fs, and by D the maximum of D1, . . . , Ds. Consider π :
Cn → C the anonial projetion on the rst oordinate and suppose the ritial lous of its
restrition to V to be zero-dimensional. Then, the degree of the ritial lous of π restrited
to V is bounded by:
D1 · · ·Ds(D − 1)n−s
(
n
n− s
)
Moreover, if (f1, . . . , fs) is a regular sequene, the degree of the ritial lous of π re-
strited to V is bounded by:
D1 · · ·Ds(D − 1)n−s
(
n− 1
n− s
)
Proof. The rst item is a diret appliation of Theorem 3.
We fous on the ase where (f1, . . . , fs) is a regular sequene. From Lemma 12, the
ritial lous of the restrition of π to V is the projetion on X1, . . . , Xn of the zero-set of
f1 = · · · = fs = 0,
ℓ1
∂f1
∂X1
+ · · ·+ ℓs ∂fs∂X1 = 1
ℓ1
∂f1
∂X2
+ · · ·+ ℓs ∂fs∂X2 = 0
.
.
.
ℓ1
∂f1
∂Xn
+ · · ·+ ℓs ∂fs∂Xn = 0
(2)
Sine the ritial lous of the restriition of π to V is supposed to be zero-dimensional, there
exists a Zariski-losed subset A ⊂ Cs−1 suh that hosing (a1, . . . , as−1) ⊂ Cs−1\A and sub-
stituting fs by fs+a1f1+· · ·+as−1fs−1 in (2) yields a polynomial system suh that for any of
its solution (x1, . . . , xn, λ1, . . . ,
λs), λs 6= 0. Thus, one an suppose that all solutions of (2) satisfy ℓs 6= 0.
Then, the set of ritial points of π restrited to V is ontained in the projetion on
X1, . . . , Xn of the zero-set of:
f1 = · · · = fs = 0
m1
∂f1
∂X2
+ · · ·+ms−1 ∂fs−1∂X2 +
∂fs
∂X2
= 0
.
.
.
m1
∂f1
∂Xn
+ · · ·+ms−1 ∂fs−1∂Xn +
∂fs
∂Xn
= 0
(3)
We prove now the reverse inlusion.
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Consider a solution p = (x1, . . . , xn, µ1, . . . , µs−1) of (3). Sine (f1, . . . , fs) is regular
sequene dening a radial ideal and V is smooth, the jaobian matrix Jac(f1, . . . , fs) has
full rank at (x1, . . . , xn). This implies the polynomial m1
∂f1
∂X1
+ · · ·+ms−1 ∂f∂X1 +
∂fs
∂X1
to be
not null at p.
Thus, for any solution p = (x1, . . . , xn, µ1, . . . , µs−1) there exists µ 6= 0 suh that
(x1, . . . , xn, µ1, . . . , µs−1, µ) is a solution of
f1 = · · · = fs = 0
m1
∂f1
∂X2
+ · · ·+ms−1 ∂fs−1∂X2 +
∂fs
∂X2
= ms
m1
∂f1
∂X2
+ · · ·+ms−1 ∂fs−1∂X2 +
∂fs
∂X2
= 0
.
.
.
m1
∂f1
∂Xn
+ · · ·+ms−1 ∂fs−1∂Xn +
∂fs
∂Xn
= 0
(4)
Conversly, sine Jac(f1, . . . , fs) has full rank at any point of V , for any solution (x1, . . . , xn, µ1, . . . , µs)
of (4) µs 6= 0. Then, one an divide eah equation in (4) byms and put ℓ1 = m1/ms, . . . , ℓs−1 =
ms−1/ms and ℓs = 1/ms to reover (2). This allows us to onlude that the projetion of
the zero-set of (3) is the ritial lous of π restrited to V .
Now, applying Corollary 2 and Theorem 1 to the system obtained by bihomogeneizing
the system (3) ends the proof.

We show in the following setion how our bound an be used to improve the already
known bounds on the rst Betti number of a smooth real algebrai variety dened by a
polynomial system generating a radial ideal.
4 Generalization of Safey/Shost's Algorithm
In this setion, we rst generalize to the non equidimensional ase, the algorithm provided
in [37℄ omputing at least one point in eah onneted omponent of the real ounterpart
of a smooth equidimensional algebrai variety. Then, we estimate the number of points
omputed by the algorithm we propose using Theorem 3 to bound the rst Betti number of
a smooth real algebrai set dened by a polynomial system generating a radial ideal.
Given a smooth algebrai variety V ⊂ Cn of dimension d, we denote by Πi (for i in
{1, . . . , d}) the anonial projetion:
Πi : C
n −→ Ci
(x1, . . . , xn) 7→ (x1, . . . , xi)
and by Wn−(i−1)(V) the ritial lous of the restrition of Πi to V , i.e. the union of the
ritial points of the restritions of Πi to eah equidimensional omponent of V .
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Following [37℄, we set Wn−d(V) = V and we have:
Wn(V) ⊂Wn−1(V) ⊂ . . . ⊂Wn−d+1(V) ⊂Wn−d(V)
In the equidimensional ase, the algorithm provided in [37℄ is based on the following geo-
metri result:
Theorem 4 [37℄ Let V ⊂ Cn be a smooth equidimensional algebrai variety of dimension d.
Up to a generi linear hange of variables, given an arbitrary point p = (p1, . . . , pd) ∈ Rd,
Wn−(i−1)(V) ∩Π−1i−1(p1, . . . , pi−1) is zero-dimensional for i in {1, . . . , d+ 1}, and the union
of the nite algebrai sets:
Wn−d(V) ∩Π−1d (p1, . . . , pd), . . . ,Wn−(i−1)(V) ∩ Π−1i−1(p1, . . . , pi−1), . . . ,Wn(V)
intersets eah onneted omponent of V ∩ Rn.
A naive way of using this result in non equidimensional situations is to ompute an equidi-
mensional deomposition of the ideal 〈f1, . . . , fs〉 and to apply Theorem 4 to eah omputed
equidimensional omponent. This tehnique is underlying in many reent algorithms om-
puting at least one point in eah onneted omponent of a real algebrai set (see [2, 38, 35℄)
and does not allow us to prove satisfatory omplexity results neither on the output of the
algorithms nor on the arithmeti omplexity, sine the degree of the polynomials dening
eah equidimensional omponent is not well ontrolled.
Lemma 13 Let (f1, . . . , fs) be a polynomial family in Q[X1, . . . , Xn]. Suppose it generates
a radial ideal of dimension d and denes a smooth algebrai variety V ⊂ Cn. Given a point
(p1, . . . , pd) in Q
d
, onsider the polynomial system in Q[X1, . . . , Xn, ℓ1, . . . , ℓs]:

f1 = · · · = fs = 0,
X1 − p1 = · · · = Xi − pi = 0
ℓ1
∂f1
∂Xi+1
+ · · ·+ ℓs ∂fs∂Xi+1 = 1
ℓ1
∂f1
∂Xi+2
+ · · ·+ ℓs ∂fs∂Xi+2 = 0
.
.
.
ℓ1
∂f1
∂Xn
+ · · ·+ ℓs ∂fs∂Xn = 0
(5)
The projetion of its omplex solution set on X1, . . . , Xn is Π
−1
i (p1, . . . , pi) ∩Wn−i(V).
Proof. Denote by W the projetion of the omplex solution set of (5) on X1, . . . , Xn.
We rst prove it ontains Π−1i (p1, . . . , pi) ∩Wn−i(V), then we prove the reverse inlusion.
Consider (g1, . . . , gk) ∈ Q[X1, . . . , Xn] a polynomial family generating a radial ideal
whose assoiated algebrai variety, denoted by Cq, is an equidimensional omponent of
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V ⊂ Cn of dimension q 6 d. Let y be a point in Π−1i (p1, . . . , pi)∩Wn−i(Cq). We rst prove
that it belongs to W .
Let e1, . . . , ei+1 be the gradient vetors of X1, . . . , Xi+1. Sine y ∈Wn−i(Cq) :
dim(Span(e1, . . . , ei+1) + Span(grady(g1), . . . ,grady(gk))) 6 n− q + i.
and this implies that:
ei+1 ∈ Span(grady(g1), . . . ,grady(gk), e1, . . . , ei).
Sine 〈f1, . . . , fs〉 is radial,
Span(grady(g1), . . . ,grady(gk)) = Span(grady(f1), . . . ,grady(fs))
whih implies that:
ei+1 ∈ Span(grady(f1), . . . ,grady(fs), e1, . . . , ei).
Hene, there exists (λ1, . . . , λs) ∈ Cs suh that (y, λ) ∈ Cn × Cs belongs to the solution set
of (5).
Consider now y ∈ V suh that there exists λ ∈ Cs for whih (y, λ) is a solution of the
system (5). We prove in the sequel that there exists an equidimensional omponent C of V
suh that y belongs to Wn−i(C).
Sine y ∈ V there exists an equidimensional omponent C of V suh that y ∈ C and let
q be the dimension of C. We prove in the following that y ∈ Wn−i(C) whih is suient to
onlude sine y already belongs to Π−1i (p1, . . . , pi). Consider a set of generators g1, . . . , gk
of the ideal assoiated to C and remark that sine 〈f1, . . . , fs〉 is radial
Span(grady(g1), . . . ,grady(gk)) = Span(grady(f1), . . . ,grady(fs)).
Note also that sine y ∈ Π−1i (p1, . . . , pi), the vetor-spae
Span(grady(g1), . . . ,grady(gk), e1, . . . , ei)
is the o-tangent spae of C ∩Π−1i (p1, . . . , pi) whih has dimension at most n− q+ i. Sine
there exists λ ∈ Cs suh that (y, λ) ∈ W
ei+1 ∈ Span(grady(g1), . . . ,grady(gk), e1, . . . , ei)
whih implies that
dim(grady(g1), . . . ,grady(gk), e1, . . . , ei, ei+1) 6 n− q + i
By denition, this proves y belongs to Wn−i(C).

Given a polynomial f ∈ Q[X1, . . . , Xn], and A ∈ GLn(Q), we denote by fA the polyno-
mial obtained by performing the hange of variables indued by A on f .
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Lemma 14 Let V ⊂ Cn be a smooth algebrai variety dened by s polynomials f1, . . . , fs in
Q[X1, . . . , Xn] generating a radial ideal. Given A ∈ GLn(Q), onsider IA0 ⊂ Q[ℓ1, . . . , ℓs, X1, . . . , Xn]
the ideal generated by the polynomial system:
fA1 = · · · = fAs = 0
ℓ1
∂fA1
∂X1
+ · · ·+ ℓs ∂f
A
s
∂X1
= 1
ℓ1
∂fA1
∂X2
+ · · ·+ ℓs ∂f
A
s
∂X2
= 0
.
.
.
ℓ1
∂fA1
∂Xn
+ · · ·+ ℓs ∂f
A
s
∂Xn
= 0
There exists a proper Zariski-losed subset H ⊂ GLn(C) suh that if A /∈ H, IA0 is radial
and the elimination ideal IA0 ∩Q[X1, . . . , Xn] is zero-dimensional or equal to 〈1〉.
Suppose additionally that f1, . . . , fs is a regular sequene. Then, there exists a proper
Zariski-losed subset H′ ⊂ GLn(C) suh that if A /∈ H′, the ideal IA0 is radial and is either
zero-dimensional or equal to 〈1〉.
Proof. Consider a polynomials family (g1, . . . , gk) in Q[X1, . . . , Xn] generating a radial
equidimensional ideal whose assoiated algebrai variety is an equidimensional omponent
Cd of V ⊂ Cn. Let PA ⊂ Cn be the algebrai variety assoiated to IA0 ∩Q[X1, . . . , Xn] and
PAd a subset of PA suh that PAd is the intersetion of PA and CAd , the omplex solution
set of:
gA1 = · · · = gAk = 0.
From [37, Theorem 2℄, there exists a proper Zariski losed subset of GLn(C) suh that
if A /∈ Hd, the ritial lous of the restrition of the anonial projetion π:
π : Cn −→ C
(x1, . . . , xn) 7→ x1
to CAd is zero-dimensional or empty. Now, onsider the polynomial system inQ[X1, . . . , Xn,m1, . . . ,mk]:
gA1 = · · · = gAk = 0
m1
∂gA1
∂X1
+ · · ·+mk ∂g
A
k
∂X1
= 1
m1
∂gA1
∂X2
+ · · ·+mk ∂g
A
k
∂X2
= 0
.
.
.
m1
∂gA1
∂Xn
+ · · ·+mk ∂g
A
k
∂Xn
= 0
and JA the ideal it generates. From Lemma 12, the ritial lous of the restriition of
π to CAd is the algebrai variety assoiated to J
A ∩ Q[X1, . . . , Xn], whih is onsequently
zero-dimensional if A /∈ Hd.
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Sine V is smooth, the tangent spae to V at any point p in Cd ⊂ V is equal to the
tangent spae to Cd at p, and sine 〈g1, . . . , gk〉 is a radial ideal, the following holds:
Span(gradp(g1), . . . ,gradp(gk)) = Span(gradp(f1), . . . ,gradp(fs))
Moreover, for A.p ∈ CAd ⊂ VA:
A.
(
Span(gradp(g1), . . . ,gradp(gk))
)
= Span(gradA.p(g
A
1 ), . . . ,gradA.p(g
A
k ))
and
A
(
Span(gradp(f1), . . . ,gradp(fs))
)
= Span(gradA.p(f
A
1 ), . . . ,gradA.p(f
A
s ))
Thus, at eah point pA ∈ PAd ,
Span(gradpA(g
A
1 ), . . . ,gradpA(g
A
k )) = Span(gradpA(f
A
1 ), . . . ,gradpA(f
A
s ))
Hene, PAd is exatly the algebrai variety assoiated to JA ∩ Q[X1, . . . , Xn], whih is
zero-dimensional if A /∈ Hd. Iterating the above on eah equidimensional omponent of V
proves that there exists a Zariski-losed subset A ( GLn(C) suh that if A ∈ GLn(Q) \ A,
IA0 ∩Q[X1, . . . , Xn] is either zero-dimensional or equal to 〈1〉.
We prove now that there exists a Zariski-losed subset H′ ( GLn(C) suh that for all
A ∈ GLn(Q) \ H′, IA0 is radial. Consider the mapping
φ : Cn × Cs → Cn
(y, λ1, . . . , λs) →
(∑s
i=1 λi
∂fi
∂X1
(y), . . . ,
∑s
i=1 λi
∂fi
∂Xn
(y)
)
From Sard's theorem , for eah equidimensional omponent C of V , the set of ritial values
K(φ,C) of the restrition of φ to C × Cs is Zariski-losed in Cn. Let B be the union of
the sets K(φ,C) for all equidimensional omponents C of V and (a1, . . . , an) ∈ Qn \ A. We
prove now that the ideal J generated by:
f1 = · · · = fs = 0
ℓ1
∂f1
∂X1
+ · · ·+ ℓs ∂fs∂X1 = a1
.
.
.
ℓ1
∂f1
∂Xn
+ · · ·+ ℓs ∂fs∂Xn = an
(6)
is radial. Remark rst that from the above paragraph, there exists a Zariski-losed subset
suh that if (a1, . . . , an) ∈ Qn \ C, J ∩Q[X1, . . . , Xn] is zero-dimensional.
Let (y, λ) ∈ Cn × Cs be a solution of the above polynomial system, C be the equidi-
mensional omponent of V ontaining y; let also g1, . . . , gk be a set of generators of the
ideal assoiated to C and d be the dimension of C. Sine V is smooth and 〈f1, . . . , fs〉 is
radial, the jaobian matrix Jac(f1, . . . , fs) has rank n − d at y. Sine J ∩ Q[X1, . . . , Xn]
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is zero-dimensional, and sine Jac(f1, . . . , fs) has rank n − d at y, the set Λy ⊂ Cs de-
ned suh that λ ∈ Λy if and only if (y, λ) belongs to the omplex solution set of J has
dimension d − (n − s). Thus, the irreduible omponent of the algebrai variety dened
by J ontaining (y, λ) has dimension d − (n − s). In order to prove that J is radial, it is
suient to prove that the jaobian matrix assoiated to the above polynomial system has
rank n+ s− (d− (n− s)) = 2n− d at (y, λ).
Sine, by denition, 〈g1, . . . , gk〉 is radial and C is smooth, there exists a subset {gi1 , . . . , gin−d} ⊂
{g1, . . . , gk} suh that the rank of the jaobian matrix Jac(gi1 , . . . , gin−d) at y equals the rank
of Jac(g1, . . . , gk) whih is n− d.
Sine (a1, . . . , an) is not a ritial value of the restrition of φ to C ×Λy, the rank of the
jaobian matrix assoiated to the polynomial family
(gi1 , . . . , gin−d ,
s∑
i=1
ℓi
∂fi
∂X1
, . . . ,
s∑
i=1
ℓi
∂fi
∂Xn
)
is maximal and then is 2n − d at (y, λ) whih implies that the jaobian matrix assoiated
to
∑s
i=1 ℓi
∂fi
∂X1
, . . . ,
∑s
i=1 ℓi
∂fi
∂Xn
) with respet to the variables ℓ1, . . . , ℓs has rank n at (y, λ).
Sine Jac(f1, . . . , fs) has rank n− d at y, this implies that the rank of the jaobian matrix
assoiated to the polynomial system (6) equals 2n − d at (y, λ) whih ends to prove that
there exists a Zariski-losed subset B suh that if (a1, . . . , an) ∈ Qn \ B, J is radial.
Suppose now f1, . . . , fs to be a regular sequene in Q[X1, . . . , Xn] generating a radial
ideal. Then the ideal 〈f1, . . . , fs〉 is equidimensional of dimension n− s. Thus, at any point
of V the jaobian matrix Jac(f1, . . . , fs) has rank s. Consequently, at any point p of the
algebrai variety assoiated to IA0 ∩Q[X1, . . . , Xn], the jaobian matrix Jac(fA1 , . . . , fAs ) has
rank s sine it equals A−1.Jac(fA1 , . . . , f
A
s ). Moreover, there exists a proper Zariski losed
subset H ( GLn(C) suh that if A ∈ GLn(Q) \ H, the algebrai variety PA assoiated to
IA0 ∩Q[X1, . . . , Xn] is zero-dimensional . Thus, for any point p ∈ PA there exists at most a
nite set of points (λ1, . . . , λs) in P(C)
s
whih is a solution of the linear system:
λ1.gradp(f
A
1 ) + . . .+ λs.gradp(f
A
s ) = u
(where all, but the rst, oordinates of u are zero ), whih ends the proof.

Given a polynomial family (f1, . . . , fs) ⊂ Q[X1, . . . , Xn], d the dimension of the ideal
〈f1, . . . , fs〉, A ∈ GLn(Q), and p = (p1, . . . , pd) an arbitrary point of Qd we denote by IA,pi
(for i ∈ {1, . . . , d− 1}) the ideal in Q[X1, . . . , Xn, ℓ1, . . . , ℓk] generated by:
fA1 = · · · = fAs = 0,
X1 − p1 = 0, . . . , Xi − pi = 0
ℓ1
∂fA1
∂Xi+1
+ · · ·+ ℓ1 ∂f
A
s
∂Xi+1
= 1
ℓ1
∂fA1
∂Xi+2
+ · · ·+ ℓ1 ∂f
A
s
∂Xi+2
= 0
.
.
.
ℓ1
∂fA1
∂Xn
+ · · ·+ ℓ1 ∂f
A
s
∂Xn
= 0
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and by IA,pd the ideal in Q[X1, . . . , Xn, ℓ1, . . . , ℓk] generated by f
A
1 = · · · = fAs = X1− p1 =
· · · = Xd − pd = 0. Remember that IA,p0 denotes the ideal generated by the polynomial
system: 
fA1 = · · · = fAs = 0,
ℓ1
∂fA1
∂X1
+ · · ·+ ℓ1 ∂f
A
s
∂X1
= 1
ℓ1
∂fA1
∂X2
+ · · ·+ ℓ1 ∂f
A
s
∂X2
= 0
.
.
.
ℓ1
∂fA1
∂Xn
+ · · ·+ ℓ1 ∂f
A
s
∂Xn
= 0
The following result allows us to generalize the algorithm provided in [37℄ to the non
equidimensional ase.
Theorem 5 Let (f1, . . . , fs) ⊂ Q[X1, . . . , Xn] be a polynomial family. Suppose it generates
a radial ideal and denes a smooth algebrai variety V ⊂ Cn of dimension d. Then, there
exists hypersurfaes H ⊂ GLn(Q) and P ( Cd suh that if A /∈ H and p ∈ Qd \ P,
 the ideals IA,pi (for all i ∈ {0, . . . , d}) are radial;
 the ideals IA,pi ∩Q[X1, . . . , Xn] (for all i ∈ {0, . . . , d}) are either zero-dimensional or
equal to 〈1〉;
 the set of their real roots has a non-empty intersetion with eah onneted omponent
of V ∩ Rn.
Proof. Sine the ideal I = 〈f1, . . . , fs〉 is radial and has dimension d, there exists
Zariski-losed subsets A ( GLn(C) and P ( Cd suh that if A ∈ GLn(Q) \ A and p =
(p1, . . . , pd) ∈ Q \ P , then the ideals 〈fA1 , . . . , fAs , X1 − p1, . . . , Xi − pi〉 are radial.
For i = 1, . . . , d−1, denote by JA,pi ⊂ Q[Xi+1, . . . , Xn] the ideal obtained by substituting
X1, . . . , Xi by p1, . . . , pi in the given set of generators of I
A,p
i . Remark that I
A,p
i is radial
if and only if JA,pi is radial. From Lemma 14, there exists a Zariski-losed subset A (
GLn−i(C) suh that if A ∈ GLn−i(Q) \ A, JA,pi is radial. This proves the rst item.
The seond item is a diret onsequene of Lemma 13.
We prove now the third item. Let Cd be an equidimensional omponent of V ⊂ Cn of
dimension d. From Theorem 4, given an arbitrary point (p1, . . . , pd) ∈ Qd, there exists a
proper Zariski losed subset Hd ⊂ GLn(Q) suh that if A /∈ Hd, then the union of the sets
Π−1i (p1, . . . , pi)∩Wn−i(CAd ) for i = 1, . . . , d andWAn (Cd) has a non-empty intersetion with
eah onneted omponent of the real ounterpart of V . The onlusion follows by applying
again Lemma 13.

Following the above result, after a generi hoie of A ∈ GLn(Q), the elimination ide-
als IAi ∩ Q[X1, . . . , Xn] are zero-dimensional or 〈1〉 and enode at least one point in eah
onneted omponent of V ∩ Rn. To obtain new bounds on the rst Betti number of a
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smooth real algebrai variety, it is suient to sum the bounds on the number of the ritial
points whih are omputed by applying Corollary 3 to eah polynomial system dening the
ideals IAi one the variables X1, . . . , Xi have been substituted by p1, . . . , pi. This proves the
following result.
Theorem 6 Let (f1, . . . , fs) ⊂ Q[X1, . . . , Xn] (with s 6 n − 1) generating a radial ideal
and dening a smooth algebrai variety V ⊂ Cn of dimension d. Denote by D1, . . . , Ds
the respetive degrees of f1, . . . , fs and by D the maximum of D1, . . . , Ds. The number of
onneted omponents of V ∩Rn is bounded by:
D1 · · ·Ds
d∑
i=0
(D − 1)n−s−i
(
n− i
n− i− s
)
Moreover, if (f1, . . . , fs) is a regular sequene, the number of onneted omponents of
V ∩ Rn is bounded by:
D1 · · ·Ds
n−s∑
i=0
(D − 1)n−s−i
(
n− 1− i
n− i− s
)
The worst ase is the ase when D1 = . . . = Ds = D. In this ase, it is easy to prove that
Ds
∑n−s
i=0 (D − 1)n−s−i
(
n−1−i
n−i−s
)
is less or equal to the Thom-Milnor bound D.(2D − 1)n−1
whih is the best known bound on the rst Betti number. Computer simulations show that
Ds
∑d
i=0(D−1)n−s−i
(
n−i
n−i−s
)
is less or equal to D.(2D−1)n−1 for values D, n and s between
2 and 200.
At last, remark that Theorem 3 an also be used to bound the output of the algorithm
provided in [2, 35, 7, 6℄ by the quantity Ds(D−1)n−s( nn−s). A simple appliation of Pasal's
triangle formula shows that this bound is greater than the one of Theorem 6 in the ase of
a regular sequene.
5 Algorithmi issues
As above, onsider a polynomial family (f1, . . . , fs) in Q[X1, . . . , Xn] generating a radial
ideal and dening a smooth algebrai variety V ⊂ Cn of dimension d. Let p = (p1, . . . , pd)
be an arbitrary point of Cd. The algorithm relying on Theorem 5 onsists in hoosing
generially a matrix A ∈ GLn(Q) and
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 solving the polynomial systems generating the ideals IAi (for i = 1, . . . , d− 1):
fA1 = · · · = fAs = 0,
X1 − p1 = 0, · · · , Xi − pi = 0
ℓ1
∂fA1
∂Xi+1
+ · · ·+ ℓ1 ∂f
A
s
∂Xi+1
= 1
ℓ1
∂fA1
∂Xi+2
+ · · ·+ ℓ1 ∂f
A
s
∂Xi+2
= 0
.
.
.
ℓ1
∂fA1
∂Xn
+ · · ·+ ℓ1 ∂f
A
s
∂Xn
= 0
 solving the polynomial system
fA1 = · · · = fAs = 0,
ℓ1
∂fA1
∂X1
+ · · ·+ ℓs ∂f
A
s
∂X1
= 1
ℓ1
∂fA1
∂X2
+ · · ·+ ℓs ∂f
A
s
∂X2
= 0
.
.
.
ℓ1
∂fA1
∂Xn
+ · · ·+ ℓs ∂f
A
s
∂Xn
= 0
generating the ideal IA0 ;
 and solving the polynomial system fA1 = · · · = fAs = X1 − p1 = · · · = Xd − pd = 0
generating the ideal IAd .
Note that by solving a zero-dimensional polynomial system in a polynomial ringQ[v1, . . . , vn+s],
we mean omputing a rational parameterization of its solutions.
vn+s =
qn+s(T )
q0(T )
.
.
.
v1 =
q1(T )
q0(T )
f(T ) = 0
where f, q0, q1, . . . , qn+s are univariate polynomials with oeients in Q.
Here, the polynomial systems we want to solve generate positive dimensional ideals
IAi ⊂ Q[X1, . . . , Xn, ℓ1, . . . , ℓs] whom intersetions with Q[X1, . . . , Xn] are zero-dimensional.
Thus, in order to retrieve the zero-sets of IAi ∩ Q[X1, . . . , Xn] (for i = 0, . . . , d), it is
enough to ompute rational parameterizations of eah equidimensional omponent Cp of
dimension p of the omplex solution set of IAi interseted with p generi linear forms in
Q[X1, . . . , Xn, ℓ1, . . . , ℓk]. This is equivalent to
 perform a generi linear hange of variables B ⊂ GLn+s(Q) sending the vetor of
oordinates [X1, . . . , Xn, ℓ1, . . . , ℓs] to a new vetor of oordinate [v1, . . . , vn+s]
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 ompute a rational parameterization of eah equidimensional omponent Cp of dimen-
sion p of the omplex solution set of IAi interseted with the linear subspae dened
by v1 = · · · = vp = 0
 retrieve the omplex solution set of IAi ∩Q[X1, . . . , Xn] by multiplying B−1 with the
vetor (q1/q0, . . . , qn+s/q0) for eah omputed parameterization and keep only the rst
n oordinates of the omputed vetor.
One this omputation is performed, one obtains rational parametrizations of at least one
point in eah onneted omponent of V∩Rn expressed in the oordinates obtained after the
linear hange of variables indued byA. Retrieving their oordinates in the original system of
oordinates is done by multiplying A−1 the previously omputed parameterizations. Thus,
the ost of this operation is polynomial in n and linear in the degree of eah omputed
rational parametrization. We see below that this ost is negligible ompared to the rest of
the omputation.
Computing rational parameterizations of the omplex solution set of a zero-dimensional
ideal an be done from a Gröbner basis (see [13, 14℄) using linear algebra methods (see [1, 33℄
and referenes therein). Other methods based on the representation of polynomials by
straight-line programs are provided in [17, 18, 19, 20, 28℄. The arithmeti omplexity of our
algorithm depends on the arithmeti omplexity of the hosen routine performing algebrai
elimination.
Without additional algebrai informations on the systems generating IAi suh as regular-
ity or semi-regularity (see [8℄), Hilbert-regularity an not be satisfatorily bounded. Thus,
at the time being, when using Gröbner bases in the solving proess, one an not give a better
upper bound than one whih is doubly exponential in the number of variables [29℄ for our
algorithm. Investigating algebrai properties of IAi ould yield better bounds and this is left
to a further work in the spirit of [8℄.
In [28℄, the author follows the ideas of [17, 18, 19, 20℄ and extends them to provide a prob-
abilisti inremental algorithm omputing generi bers of the equidimensional omponents
of an algebrai variety; these bers are enoded by geometri resolutions.
In the sequel, gA1 denotes the polynomial ℓ1
∂fA1
∂X1
+ · · ·+ ℓs ∂f
A
s
∂X1
−1 and gi denotes ℓ1 ∂f
A
1
∂Xi
+
· · · + ℓs ∂f
A
s
∂Xi
(for i = 2, . . . , n). Below, Olog (p) denotes the quantity O(p(log p)a) (for some
onstant a) and M(p) denotes the ost of multiplying two univariate polynomials of degree
p. The following result provides the arithmeti omplexity of this algorithm:
Theorem 7 [28℄ Consider F1, . . . , Fp polynomials in Q[X1, . . . , Xn] of degree bounded by
D, represented by a Straight-Line Program of length L and dening a zero-dimensional
variety. There exists an algorithm omputing a geometri resolution of V (F1, . . . , Fp) whose
arithmeti omplexity is:
Olog (pn4(nL+ n3)M(Dd)3)
where d is the maximum of the sums of the algebrai degrees of the irreduible omponents
of the intermediate varieties dened by F1, . . . , Fi for i in 1, . . . , p.
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From Theorem 5 and Corollary 3, the maximum of the algebrai degrees of the irre-
duible omponents of the intermediate varieties dened by fA1 , . . . , f
A
i (for 1 6 i 6 s) and
fA1 , . . . , f
A
s , g
A
1 , . . . , g
A
i (for 1 6 i 6 n) is bounded by D
s(D − 1)n−s( nn−s).
The polynomial system dening IA0 has n+ s variables and ontains n+ s polynomials.
Moreover, given a straight-line program of length L evaluating the system (f1, . . . , fs),
using the result of [3℄, one an onstrut a straight-line program of length O((L + n2))
evaluating the polynomial system dening IA0 .
This disussion allows us to state the following result:
Theorem 8 Let (f1, . . . , fs) be a polynomial family of Q[X1, . . . , Xn] generating a radial
ideal and dening a smooth algebrai variety V ⊂ Cn. Denote by D be the maximal degree of
fi (for i = 1, . . . , s) and by L be the length of a straight-line program evaluating (f1, . . . , fs).
There exists a probabilisti algorithm omputing at least one point in eah onneted om-
ponent of V ∩ Rn in:
Olog ((n+ s)5((n+ s)(L+ n2) + (n+ s)3)M(Dd)3)
operations in Q where d is dominated by Ds(D − 1)n−s( nn−s).
Remark 6 Remark that when (f1, . . . , fs) is a regular sequene, d is dominated by D
s(D−
1)n−s
(
n−1
n−s
)
.
Moreover, the above disussion allows us to state that the algorithm of [28℄ has a satis-
fatory omplexity in the ases obtained by dehomogenizing a bi-homogeneous system sine
the degree of intermediate varieties it studies is bounded by bi-homogeneeous Bézout bounds
from Theorem 2.
Now, we disuss how this result improves the preeding ones. First remark that our
algorithm is probabilisti: this is rst due that we have to avoid Zariski losed subsets
for the hoies of the matrix A on one hand and the point p on the other hand; and
the algorithm provided in [28℄ omputing geometri resolutions is also probabilisti. The
algorithm provided by [10℄ is deterministi and has a omplexity whih is dominated by
(4D)O(n), when the number of operations is ounted in a Puiseux series eld. We emphasize
that the zero-dimensional polynomial system studied by this algorithm has always a degree
equal to (4D)n regardless of the original struture of the studied variety. Thus, if the
random hoies performed during our algorithm are orret, our algorithm improves the one
of [10℄ sine our worst ase omplexity involves a degree bound whih is Ds(D−1)n−s( nn−s).
Nevertheless, remark that the algorithm of [10℄ stands for any ase, while ours requires to
deal with a redued polynomial family dening a smooth algebrai variety.
The strategies developed in [2, 35, 7, 6, 37℄, whih are still probabailisti are only valid
in the equidimensional ase and relies on haraterizing the ritial points by the vanishing
of some minors of the jaobian matrix of the input polynomial system. Remark that this
assumption is no more required by our algorithm.
The omplexity estimations of the probabilisti algorithms provided in [7, 6℄ involve a
ombinatorial quantity
(
n
n−d
)
and a geometri degree whih is dominated by D(n−d)((n −
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d)(D− 1)+ 1)d where d denotes the dimension of the studied algebrai variety. These algo-
rithms study
(
n
n−d
)
regular sequenes dening ritial points. These sequenes are formed
of the input polynomials and of some extrated minors of their jaobian matrix after lo-
alization. Our work allows us to avoid the ombinatorial quantity
(
n
n−d
)
and to bound
the number of omputed ritial points. Nevertheless, up to our knowledge, ensuring that
the intermediate degrees appearing in these algorithms do not exeed the bi-homogeneous
bound is not immediate and an be the subjet of a further study.
Remark also that if the polynomials dening the studied variety are quadrati, our
algorithm has a omplexity whih is polynomial in the number of variables and exponential
in the number of equations. In [21℄, the authors provide an algorithm whih is dediated
to the quadrati ase having a similar omplexity and whih uses also Lagrange's system to
haraterize ritial points. The algorithm of [21℄ deals also with singular situations.
Finally, our algorithm generalizes the one of [37℄ sine the equidimensional assump-
tion is dropped. We emphasize that some omputer experiments show that the quantity
D(n−d)((n − d)(D − 1))d bounding the maximal degree of intermediate varieties appearing
in [37℄ is reahed in some ases, at intermediate steps of the algorithm. This problem is
solved by our ontribution.
Perspetives. Obtaining an eient implementation from this work is not an easy task.
The algorithm designed in [28℄ performs a linear hange of variables whih does not take
into aount the bi-homogeneous struture of Lagrange's system. Thus, some improvements
ould be brought in a further study.
Using Gröbner bases inside our algorithm has also to be investigated. Implementations
of [13℄ and [14℄ are at the time being the most eient for algebrai elimination: the doubly
exponential behavior of Gröbner bases is exeptional and is restrited to very partiular
polynomial systems.
Finally, dropping the assumptions of our algorithm is a work in progress, whose aim is
to provide an algorithm working in any ase with a omplexity whih is polynomial in n, s,
the bi-homogeneous Bézout bound Ds(D− 1)n−s( nn−d) and the omplexity of evaluation of
the input system.
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